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Galton�Watson branching process with immigration; conditional least squares estimator:

In this talk the asymptotic behavior of the conditional least squares estimators of the o�spring
mean matrix for a 2-type positively regular Galton�Watson branching process with immigration is
described. We also study this question for a natural estimator of the spectral radius of the o�spring
mean matrix, which we call criticality parameter.

Let (Xk)k∈{0,1,...} be a 2-type (2-dimensional) Galton�Watson branching process with immigration
and with initial value X0 = 0 given by

Xk =

Xk−1,1∑
j=1

ξk,j,1 +

Xk−1,2∑
j=1

ξk,j,2 + εk, k ∈ {1, 2, . . .}.

It is referred to respectively as subcritical, critical or supercritical if % < 1, % = 1 or % > 1, where
% denotes the spectral radius of the o�spring mean matrix mξ. Assume that the immigration

mean vector mε is known. The conditional least squares estimator m̂
(n)
ξ of mξ based on a sample

X1, . . . , Xn can be obtained by minimizing the sum of squares

n∑
k=1

∥∥Xk − E(Xk | Fk−1)
∥∥2 =

n∑
k=1

‖Xk −mξXk−1 −mε‖2

with respect to mξ over R2×2. In the critical case we obtain the asymptotic distribution of m̂
(n)
ξ

with rate
√
n to a limiting distribution represented as a functional of the Feller di�usion given by

dYt = 〈u,mε〉 dt+
√
〈Vξu, u〉Y+

t dWt, t ∈ [0,∞), Y0 = 0,

where u is a left Perron eigenvector of mξ corresponding to the eigenvalue 1, and Vξ is a mixed

o�spring variance matrix. In the subcritical case m̂
(n)
ξ is asymptotically normal, while in the su-

percritical case it is asymptotically mixed normal.
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