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Superconductivity and Magnetic Fields

As the intensity of the magnetic field gradually

decreases and crosses the critical values He, and Hg,,
superconductivity is restored first in the surface then

in the bulk. Note: Hg, > Hc,.
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Spectral Theory and Superconductivity

The operator P = —(V — iBA()? appears in
(StJdeG) St. James, P.G. de Gennes.
(FH) S. Fournais, B. Helffer. Progress in NDE and their applica-

tions. (Vol. 77)

to compute the third critical field HC3.

Superconductivity is lost in samples subject to a mag-
netic field of intensity B > Hcy



Spectral Theory and Superconductivity

1
B>0, Ag(zy,z2) = 5(—562,%1), Pg = —(V—iBAg)~.

e Py in R? (spectrum=Landau levels={1B,3B, etc})
e Ppin R (spectrum=[BOg, ) - ©g ~ 0.59)

e Py in a domain Q C R? with Dirichlet or Neumann
condition

e Application: Hg, =~ k; Ho, = k/©Oq



The Critical Field Hg,
Superconductivity is Back.. in the Bulk:

Abrikosov: There is a critical field Hg, ~ < such that,
near Hc,, superconductivity is uniformly distributed in
the bulk of the sample. Between Hg, and Hg, super-
conductivity disappears in the bulk and appears in
the surface.
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Magnetic Periodic Condition (Mag Per Cond):
e The magnetic potential: Ag(z1,22) = 3(—x2,21)
e The lattice's cell: Qp = (—R,R) x (—R, R) C R?

o Ag(z1+ R 20+ R) = Ag(z1,22) + AV(—21 + 22)

1Rx
e (Mag Per Cond): u(xqy 4+ R,zp) = e 22u(x1,:132)
—1Rx
and u(zy, 20+ R) = ¢ 2 u(w1,2)

will ensure periodicity of
w1, )], [(V=iAo)u(w1,22)] and Im(w (V—iAo)u)
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Magnetic Periodic Condition (Mag Per Cond):

R
Ao(z1 + R,z2) = Ap(z1,22) + EV(ZCQ)

R
Ao(z1, 20 + R) = Ag(z1,22) + EV(—xl)

L
(x_1,x 2+R)

]
(x_1+R,x_2)
iRJZQ
u(z1 + R,z2) = e 2 u(xy,72)
—iR:Cl

u(zy, 20+ R) =e 2 u(zy,x2)




The Operator with Periodic Conditions:

e T he Hilbert space: (with the inner product of L?(Qr))
Liermag(Qr) = {u € LE(R?) : Mag Per Cond}

e The form domain: {u,(V —iAg)u € Lier mag}
e The operator: Pp = —(V —iAg)?

e The spectrum: {u, =2n—-1 : n € N}, when
R? € 27N

e The advantage: The space Er = Ker(Pr — 1)
is finite dimensional



The Abrikosov Energy:

e The functional: Ea,(v) :/

The space: v € Er = {u € L3er mag

Egs ap(2) = inf{&ap(v)

Minimizers: exist because dimEgr < oo

Behavior for R large:
(_%70)

Lol — [uf2
QR2
Pru = u}
U E ER}
Egs ab(R)
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The Bulk Energy:

e The functional: (Given b € (0,1])

: 1
Eo(®) = [ bV —iAg)vl? v + ol
@R 2

e The space: v € I (Many choices !)

(i) (Dirichlet) 0O = H&(QR)
(i) (Neumann) O = H1(Qp)
(iii) (Mag Per Cond)

¢ Eysik(b; R) = inf{&g(v) : vel}
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The Bulk Energy:

e The functional: (Given b € (0, 1])

Epik(v) = /Q bI(V — iAg)v|2 — [o]2 + SJu|4
R

° Egs,BIk(b; R) = inf{é’Ab(v) > v e}

Egs,Blk(b;R)
QR

e Behavior for R large: limp_,
(_%7 O]

= Egk(b) €

e ERk(-) is increasing; EB|k(b)‘b_1 = 0.
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From Bulk to Abrikosov Energy:

e (Aftalion-Serfaty and Fournais-Kachmar)

d (Egk(b) . Egi(b)
db( b—1 >‘b:1_ =,m (b—1)2

ADb

e (Abrikosov) The key is to write v = +/1 —bu and u
an eigenfunction of the periodic operator
(—Viou = u). We see that:

: 1
o) = [ BT — iAg)vl? — v + ZJol*
@R 2

1
= (0=1%f, Slul® —Jul® = (b= 1)%€ap ()
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Density and Abrikosov Energy:

o Let vg|k be a minimizer for Egk(v)
Egik(vik) = [QR| Egik(b)

e The equation —b(V — iAO)QvB|k = (1 — |vB|k|2)vB|k
yields

1 4 - 2 2, 1 4
= e == [ 1V - iAo)vel® — ikl + S lveik
2JQp Qr 2

= —&pik(vBIK) = —|QR| EBK(b)

e As b — 1_, the approximation Eg|(b) ~ (b—1)2Enap
yields,

1

= weikl* = = (b — 1)?|Qr| Eab
2./Qg
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Density and Abrikosov Energy:

o Let upp, be a minimizer for Eap(u)
Eab(uab) = [Qr| Eab

e The definition of Eap(u) =/
QR

1

2 4
UA = —Eap(ua )—I——/ U
/Q [uap| b b 2 Jg [uap|

Slul? — |u|* yields

1
~ —|QRr| Eab -|-—/ uap|?
2.J)Qgr
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Density and Abrikosov Energy:

e Let vgk and uap be minimizers for Egi(v) and
Eab(u)

o 5 /o, lvikl* & —(b—1)2|Qg| Eap

1
o Jopluanl® = —IQRr| Eap + 5 Jg, luapl?

e Asb — 1_, itisreasonable to assume vgik = V1 —bupp

- 1 ;
e Conclusion: —— |’UB|k| ~ — EAb
QRr| /Qr
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Connection with the Full Ginzburg-Landau Energy
(Energy estimate)

Ginzburg-Landau Functional:

: 2 212 K2 4
66, A) = [ (17— inH AP = w2Juf? + " ful*) do
+ (“H)Q/QH —Cur|A|2da:.

QCR?, k>0, H>O0.
The ground State Energy:

Egs(k, H) = inf{G(y,A) : (¢,A) € H(Q; C)xH(Q2;R?)} .
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Connection with the Full Ginzburg-Landau Energy
(Energy estimate)

Ginzburg-Landau Functional:

2
6(.8) = [ (107 = inHAYWP = 202 + S 1ul*) do

Q
+(,<,H)2/ 11— curl A|?dzx.
Q

The ground State Energy:
Egs(r, H) = inf{G(¢,A) : (¢,A) € H(Q;C) x H'(;R?)}.

Theorem: (Sandier-Serfaty) Let b ¢ (0,1] and
H = br. AS kK — oo,

Egs(k, H) = x°|Q|Egik(b) + o(x?)
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Connection with the Full Ginzburg-Landau Energy
(Energy estimate)

Theorem: (Sandier-Serfaty) Let b € (0,1] and H = bk.
Egs("?a H) = "02|Q|EB|k(b) + 0(“2)
For b~ 17 (EB|k(b) o EBIK(]-) = O)

Theorem: (Fournais-Kachmar) Suppose that
H=kr—pulk) and vk < u(k) < k, i.e.
W) >0, tim M o im P g
K—00 \/E K—00  je

AS K — o0,

Egs(r, H) = [k — HI?|Q|Epp + o([x — H]?)

This is consistent with » = %; b~ 1; Egi(b) =~ (1 — b)2Enp;
[/{—H2=/<;2[1—%]2

19



Connection with the Full GL Energy
(Density of Superconductivity)

Ginzburg-Landau Functional:

2
6. 8) = [ (17— ixHAYWP = 2102+ S 1ul*) do

Q
—I—(K,H)Q/ 11— curl A|?dzx.
Q

The ground State Energy:
Egs(k, H) = inf{G(x),A) : (¢,A) € H'(;C) x H'(2;R*)}.

Theorem: (Kac) Suppose that H = « — u(k) and
Vi < pu(k) <€ k. Let (¢, A) be a minimizer of GL. As
K — OO

ot =211 o[

K
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Superconducting Surfaces - Vanishing Magnetic Fields:

For a superconducting surface of revolution M, the en-
ergy is (Contreras-Sternberg)

: 2 202 1 o) 4
Em®) = [ I(Vas = inHAWI = k2|l? + vl

Ae(z1,20,23) = (=7, 3, 0)

curlAe = 83=1(0,0,1)

B = curlys Ae = (8- N) x non — vanishing function
N = unit normal vector of M
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Superconducting Surfaces - Vanishing Magnetic Fields:

For a superconducting surface of revolution M, the en-
ergy is (Contreras-Sternberg)

2
Em(W) = [ 1(Tan = inHAY = 22 + -yl

' \beta i \beta
B=0
B=0

M
I
=

B=0
v B<0
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Superconducting Surfaces - Vanishing Magnetic Fields:

For a superconducting surface M, the energy is (Contreras-
Sternberg)

: > 2,2, K 4
Em®) = [ IV —iHAWI = k2|ul? + vl

A simple model is given by

L—2/3
|u|

_ . 2 1 —2/3 2
ELr@) = [ o I(V—iAmog)ul® L2 Pl

2
Amod(z) = <— %7()) , B=curlAmgg = 22

R>1, L >O0.
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From Constant to Vanishing Magnetic Fields:

The ground state energy for the simple model on a
surface is

e(L; R) =Inf & p(u),

The following limit exists (Helffer-Kachmar),

W= gm g

As L — 04, e(L) is obtained from the bulk energy,

(L) = L—4/3 /01 Egi(b) db+ o(L=4/3)
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Central Role of Bulk Energy:

Abrikosov Energy
T derivative of E%@ and b — 1_

integral of Egk(b)
Egik(b) — superconducting surfaces

J b—>0_|_

Sandier — Ser faty (vortices)
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