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Overview

@ Stochastic graphs

© Mixing properties for multidimensional Ornstein-Uhlenbeck processes

© Convergence of statistics of binary observations
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Stochastic graphs

Typical graph evolution (preferential attachment)

Step n — Step n+1

0 et O
L / L2 P

Evolution in continuous time?
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Ornstein-Uhlenbeck processes

Definition: Ornstein-Uhlenbeck process X

Take A € Mg 4(R) and £ € My 4(R) where d, g € N, (W;)ier+ a
g-dimensional Brownian motion with respect to F. X = (X¢ : t > 0) is an
Ornstein-Uhlenbeck process when it solves

dX; = —AXydt + XdW;, Xp given. (1)

v

Standing assumptions
@ 22 * is invertible

@ 30 = min)\esp(A) Re()\) >0

o Xo LN (0,Va), Vi = [f e AVE T e A udu

X is ergodic and stationary.
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Graph generation

Definition: Graph observation Y

Take S a measurable subset of RY. Define:

Yts = ]lXtES (2)

Take for example S¥ := {x : x' > 1,x/ > 1} and Y{ := Ytsij. Then Y;is a
graph.

AL Yi
Represents underlying relations Represents observed relations
Stable Evolves in time
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Interbank lending model

The preceding is inspired by a model of interbank lending [CFS15, FI13]:

dx,;'z—i 3 ( )dt+adw'
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Problematic

How to estimate (A, XX*) from the observation of Y?

@ Use long time limit (nA, — +00) to apply ergodic properties
(estimate V)

@ Use high frequency (A, — 0) to estimate parameters related to local
fluctuations (estimate XX*)

Related: estimation from sign changes [Flo87], estimation from
thresholded process [IUY09]
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Gebelein inequality
Theorem ([Jan97, Theorem 10.11])

Take H, K two closed subspaces of some Gaussian Hilbert space. Define
Pk the restriction to H of the orthogonal projection onto K. Define the
maximal correlation coefficient between variables A, B respectively
measurable w.r.t. the sigma field generated by H and K:

p(H,K) = sup |Cor (A, B)|.
A€L?(H),BeL?(K)

Then we have:
p(H, K) = || Pkl

where || - || is the operator norm.

In practice, it means that

Cov (F(X), g(Y)) < p(X, Y)/Var (F(X)) Var (g())
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Gebelein inequality for Ornstein-Uhlenbeck processes

Proposition

Take (X, Y) a Gaussian vector. Assume that Cov (X), Cov (Y) are
non-degenerate. Then we have

p(X,Y) = ||Cov (X)Y2 Cov (X, Y) Cov (Y) 2.

For stationary OU processes, we have:
Cov (Xs) = Cov (X¢) = Voo, Cov (Xg, X) = o Alt—s) V.

Therefore, with vy = maxycgp(vie) A Vim = Minjegp(via) A

PXer Xe) = [V 2e AV < [ M gl
V,

m
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Correlation inequality for Ornstein-Uhlenbeck processes
Theorem (Mixing properties)

There exists a finite constant C3), depending only on V., such that for
any t > s > 0 and functions ¢, ¢, square-inegrable w.r.t. the law of X:

|Cov (¢ ((Xu)uss) , @ ((Xv)v=t))]

< Cye Il [Var (p (X)uss) Var (6 (X )vzo))- (3)

v

Proof.

E[ps¢e] = E[psE [¢r | Xs]]
=E[E[ps | X E[¢: | X]]
=E[E[ps | Xs] ¢¢]
=E[E[ps [ X E[¢: | Xi]]
< p(Xs, Xe)y/Var (E s | Xi]) Var (E[¢¢ | X.])
< p(Xs, Xe)v/ Var (ps) Var ().
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Bound on variance of sums of functionals of X

Corollary

Consider a measurable function g : N x IN x C°([0, 1], RY) — R such that
E [g(k,n, (Xs)kA,,gsg(kJrl)A,,)z] < +oo for any k,n € IN. Forne IN
define

2

v, = iUP Var (g(k, n, (Xs)ka,<s<(k+1)a,)) »
<n

[ A
£I(<n) = Tng(k’ n, (XS)kAnSSS(k'H‘)A”)'

Then, there is a finite constant C4), dependent only on the parameters
A, ¥ of the model, such that:

k=0

n—1
Var <Z f/((n)> < C(4) VS. (4)
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Bound on variance of sums of functionals of X

Proof.
Denote g = g(k, n, (Xs)sci(k)) where I,(k) = [kAn, (k +1)A,].
n—1 A n—1 A n—1 n—1
Var <Z §k")> = T” ZVar (&) + n" Z Z Cov (gk, &)
k=0 k=0 k=0 I=k+1

IN

A, 5, 2A
n n C 2 —agmA,
e nv, + . n E (3)Vne

m>0

IN

A
2 n
v, (An + 2C(3) —1 — e—aOAn>
< Cayvi

Where we use that for | > k, u € I,(k),v € I,(/), we have
u<(k+1)A, <IA, <v, and apply Theorem 2:

Cov (gk, g1) < C(3)e_a°‘k+1_'m” \/Var (gx) Var (g).
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Occupation time convergence

Definition

The occupation time statistic is defined as:

1 n—1 1 n—1
OT; = - > Yia, = - D lxaes-
k=0 k=0

Using Corollary 1, we have Var (OTf) = 0 (n'A;") and convergence in L?

under the assumption nA, — +oc.
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Crossing number convergence
Definition

We define the crossings statistic by:

s 1 n—1
O = o/ 2 YA, (7)1
We choose here S = {x! > 1} and consider only crossings from 0 to 1. Write
zZ" = Ly, <alxt, . >1:

1 =0 _X- [Ar 20 () ()
- An;Zk :g T and B [Z{"] ~ Var (Z{") ~ VA,

z" 1
o (m) -0 ()
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Expectations and CLT

We have E [OT;?] = Voo(S). Assuming nA, — o0,
0TS L5 1 (8)

We also have:

Theorem

Vb, (OTH*™ = v ([1,+00D)) S N (0,0 (02F2))  (8)

as n — 400, where F solves LF + (1,>1 — Voo([1, +00[)) = 0 with L the
infintesimal generator of the OU.

We have E [ } VA,

V11 ). Assuming nAj 32, 00,

2 Ty * 11
&52(22u@m
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Application

How to estimate (A, XX*) from the observation of Y?

Assume we observe YV for S¥ = {x' > 1,x/ > 1}.
Assume A = diag(a1,...aq). Then

(£X7)

Vi = .
aj + a;

oo
e Using C3", we can estimate (XX*)"

@ Using OTfH, we can estimate V7, and we get a;

e Using OTfij, we can estimate V., and we get (ZX*)i
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Optimality of C, convergence speed?

STD of Cn as function of ts

10°
— n=10
-- n=1280
- - n=163840 oo oo oo Fr-o-oooe oo b R :- SRR k-4
10 Hao n=10
177 n = 1280
vty n = 163840
cee@----8----8---G----0----8----8
0 o a =
" W
10°
10° 10° 107 10° 10°
(n) 0
Var g Z, x AL
k
Gustaw Matulewicz (CMAP) Inference for OU graphs June 10, 2016 21 /23



Proof of CLT for OT,

1 t
OT? = — / ]lezlds
t Jo

/Ot F(Xs)ds = £ (OT§ — voo ([1, +00l))  F(x) = F(x) = vec ([1, +oc])

o 0% 9? A
L——aXa—F?W LF = —f

M, = F(X:) — F(Xo) + /Ot f(Xs)ds = /Ot oF'(Xs)d W

% _ F(Xt) — F(Xo) + (O\/'];t — Vo ([1, +o0[)) t i> N (0, Voo (0,2,_-/2))
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Proof of CLT for OT,,

OTt 4 2pn
7 S N (0,vs0 (02F7))

Dy =/, (OTh - 0T, )
n—1 A
_ /A, " f (Xin,) — F (Xanta)
B \/;Z/ A du
k=0 0

\/n_An (OTLl,-I—OO[ — Vo ([1, —{—oo[)) i} N (0’ Veo (0_2,__,2))
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