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(1) Random algebraic polynomials in one variable



We consider a polynomial P; € R[X],
Pd(X) =ag + alX + ...+ a,dXd,

whose coefficients a;, are i.i.d. random variables that are centered
with unit variance i.e.

Elax] =0, Eflax’] =1.

Some natural questions

Can we estimate Ny, = #Z; where Z; := {t € R, P(t) = 0} ?
For a fixed degree d ? Asymptotically ? In mean ? almost surely ?
Are the real zeros localized ?




Theorem (Kac, 1943)
If ar, ~ N(0,1) for all &’s, then as d tends to infinity

E[Na] = = log(d) + o (log(d))

Theorem (Erd6s—Offord, 1956)
If a ~ B(+1,1/2) for all ¥’s, then as d tends to infinity

2
Ng = - log(d) + o <log(d)2/3 log log(d))

1
with probability 1 — o [ ——— |.
> 4 ¢ <\/10g log(d))




Theorem (Ibraghimov—Maslova, 1971)

If the a;, are centered with unit variance and in the domain of
attraction of the normal law, then as d tends to infinity

E[Na] = ~ log(d) + o (log(d))

Such an asymptotics is called universal in the sense that it does
not depend on the particular law of a.



Theorem (Nguyen—Nguyen—Vu, 2015)

If the a;, are centered with unit variance and admit a finite mo-
ment of order (2 + ¢), then as d goes to infinity

E[N,] = %log(d) +0(1).

Tao—Vu (2013) : universality of the correlation functions.

Do—Nguyen—Vu (2016), Kabluchko—Flasche (2018) : universality

of the mean number of real zeros of random polynomials of the

form Pd(X) = Zizo akaXk.

The real zeros are localized near +1, in fact for all fixed n > 0
E[#{t € ZgN £l —n,+1 + )] = O(1).




@ Random trigonometric polynomials



We will consider here a sum of the type

fn(t) _ Z ag 627’rik-t’ t e Td _ Rd/Zd,

kezd
|k|<n

with the same symmetry constraint a; = a_y, so that f, is real-
valued.

The random coefficients a; are supposed to be independent,
identically distributed, centered with unit variance

Elag] =0,  Efjax’] = 1.



two realizations of f,, in dimension d = 1 and degree

n = 10 for Gaussian and Bernoulli coefficients.
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two realizations of f,, in dimension d = 1 and degree
n = 100 for Gaussian and Bernoulli coefficients.



a realization of the interface between { f,, > 0} (white) and

Gaussian coefficients

= 30,

, N

{f < 0} (blue) for d = 2



a realization of the interface between { f,, > 0} (white) and
{fn < 0} (blue) for d = 2, n = 100, Gaussian coefficients



n the unfolded torus in dimension d =
degree n = 40, Bernoulli coefficients
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d = 2, degree n = 200, Bernoulli coefficients
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d = 3, degree n = 20, Bernoulli coefficients
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@ Universality of the nodal volume



@ Universality of the nodal volume
o Local universality



)

1
n

! ({fn = O} nB (.’L‘,

Local study of #¢



Theorem (A.—Pham—Poly, 2016)

If the coefficients a; are independent, identically distributed,
centered with unit variance, then for all z € T¢, as n goes to
infinity, the sequence of random variables

nd=t x Hi-t <{fn =0}NB <:1; i))

converges in distribution to an explicit random variable whose
law does no depend on z, nor on the law of ay.




Heuristics of the proof :

o The zeros of f,(t) identify with the ones of (X,,(t))y<1
1 t

:‘%ﬁ'E:GkJMK@+ﬂ-
n

kezd
|k|<n

@ The processes (X,,(t)) converge in distribution with respect
to the C'' —topology to an universal Gaussian process.

o The nodal volume is a continuous functional with respect to
the C' —topology.



@ Universality of the nodal volume

o Global universality



{f":O}ﬂK

Global study of H*~! ({f, = 0} N K)

[m] [ = = = o>



Theorem (A.—Pham—Poly, 2016)

If the random coefficients a; are independent, identically distri-
buted, centered with unit variance and if K ¢ T¢ is a compact
set with a smooth boundary, then there exists a universal explicit
constant Cy; such that, as n goes to infinity

lim = x E [H ({2 = 0} N K)| = Cy x HA(EK).

n—+oo N




Heuristics of the proof :
o Divide the set K into microscopic boxes (Kﬂ;)j of size 1/n.
o In each box K3, we have local universality.
o We sum the local contributions...

@ ... and exhibit a uniform upper bound

supE []Hd_l ({fn=0}NKT) ]HO‘} < +o00.

n?]



@ Other universality results



@ Other universality results
o The case of dependent coefficients



We consider the trigpnometric polynomial

fu(t) == Z ay cos(kt) + by sin(kt), t € R,

1<k<n

where the (a;)r>1 and (by)r>1 are centered Gaussian variable
with correlation p : N — R, i.e.

Elagas) = Elbrbe] =: p(|k —£]),

Elagb] =0, Vk,¢ € N*.



Theorem (A.—Dalmao—Poly, 2017)
If the correlation function p satisfies some mild hypotheses

ngglm% xE[H° ({fn =0} N K)] = ml/g x HY(K).

This is the exact same asymptotics as in the i.i.d. case

Theorem (A.—Poly 2015, Flasche, 2016)
If the coefficients a;, are i.i.d. centered with unit variance

oL 0 _ _ L an
HETOOHXE[H ({fn—O}ﬂK)]_m/g H(K).




@ Other universality results

o Non universality of the variance



The asymptotics of the mean number of zeros is universal, but
the asymptotics of the variance is not!

Theorem (Bally—Caramellino—Poly, 2017)

If the coefficients a; are i.i.d. centered with unit variance, and
have a density with respect to the Lebesgue measure

Jimi = s<var [H° ({fn =0} N [0,7])] = CN(0,1)+% (Elaz] — 3) .

n—+oo N




@ Other universality results

o Beyond the analytic case



Let ¢ be a C°, 1—periodic function, piecewise C''*t* Hoélder.

We consider the random periodic function

flt) = arg(kt).
k=1
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As before, we look at the zeros of f,, in a small ball B(z,,1/n),
i.e we consider

X (t) = %éaw&(k (xn-l-%))

o>



Theorem (A.—Poly, 2017)

If the coefficients a; are independent, identically distributed,
centered with unit variance, with a finite fourth moment, and if
a :=lim,_,+~ z, € R\Q is diophantine, then the sequence

HO ({fn —0}nB (xni)>

converge in distribution to a random variable whose law does
not depend on «, nor the particular law of ay.

Remark : if a € Q, convergence holds but the limit is no more
universal.
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