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Introduction



Neurons

Dendrites
/

Terminal Bulb

Cell Body

Axon

e Neurons : generate and propagate action potentials the long of
their axons.

e They communicate by transmitting spikes : this is a fast
transmembrane current of K™ /Na™ —ions, stimulated by ion pumps,
and vehiculated by neurotransmitters (chemical substances).



Emission of spikes depends on integration of synaptic potentials
and precise interplay with intrinsic properties of the cell. And on
external stimuli and conditions. Picture shows the membrane
potential of one single neuron in a potassium bath, under
increasing concentration of potassium.

Figure: Cortical slice of an active network of O(10%) neurons, Picture by
R. Hopfner and H. Luhmann, Mainz



Closer look to spikes

Superposition of all these spikes shows : The shape and the time
duration of spikes is almost deterministic - and always “the same”
(for a fixed neuron, under the same experimental conditions)

sl eikes ueborsinandeiogen spusienen s C ransomieren

Figure: Picture by R. Hopfner, Mainz

The duration of each spike is very short (about 1 ms) - followed by
a refractory period during which the neuron can not spike again
(about 1 ms). So a description by means of point processes is
reasonable.



Examples of spike trains

Use spike sorting (difficult and not evident) to obtain the raster
plot, one way of representing spike trains:
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Here, each neuron is represented by its successive spiking times.



So in the sequel we will represent systems of neurons by systems of
interacting point processes where each point process represents the
spiking times of a given neuron.
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Models based on stochastic intensity



Interacting neurons described by Hawkes processes

» N neurons that interact.

» Counting process associated to neuron i € Z = {1,2,..., N} :
ZN:i(t) = number of spikes of neuron i during [0, t].

Definition

Let F; = U(Zslv’i, s < t,i < N). Any F;—predictable positive
process \N'i(t) such that for all 0 < s < t,

. . t .
E(ZM — ZMi|F) = B / V() du| 7]
S

is called (stochastic) intensity of ZN:/,
— In other words,

P(Z"" has a jump during ]t, t + dt]| Fe) = AV(t)dt.

— AV¥i(t) is the instantaneous jump rate of neuron i at time t.



The formula

P(ZN'" has a jump during ]t, t + dt]| F;) = AV (t)dt

suggests a time discrete simulation scheme as follows:
» We bin time into small intervals of length 0.

» Within time [nd, (n 4+ 1)d[, we accept a spike of neuron i with
probability '
AV (ng)s.

There is no spike with probability
1 — ANi(né)s.

» As 6 — 0, the waiting time up to the next time is described by
a generalized exponentially distributed random variable, with
stochastic and time dependent parameter AN:/(t).



Hawkes intensity

» Intensity of /—th neuron given by

V() = Z [ ot 5192

= Y e,

J n:T£<t

where T# all past spike times of neuron j.
» f;: R — R, non-decreasing, Lipschitz.
> hii€ L}OC describes the influence of neuron j on neuron /.

> |t also measures how this influence vanishes as time goes
by : hj_i(t —s) describes how a spike of neuron j lying back
t — s time units in the past influences the present spiking
probability of neuron i.



The membrane potential

» The process

N,i —5 N.Jj
uMi() - Z/Ot] byt — 5)aZM (s)

can be interpreted as membrane potential of neuron /i at time
t. It collects all the past spike events of its presynaptic neurons.

» It is a deterministic function of all past spiking times (which
are random).

» The collection (UN/(t));er is not a Markov process (at least
for general hj_,j—kernels).

> Integrate-and-fire model : The neuron fires at a rate
f;(UN7(t—)) depending on the height of its actual membrane
potential (just before the jump).



Example

_/—)I( 5) = Ja: i(tis)-

ii = synaptic weight of neuron j on neuron i. If W;_,; >0,
then the synapse is excitatory, if W;_,; < 0, then it is inhibitory.
— Neurons which have a direct influence on i are those in

Vi:=1{j: Wj5; #0} = Interaction graph.
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Representation by means of Poisson random measures



> Like continuous processes adapted to the Brownian filtration
which can be represented as stochastic integrals with respect
to Brownian motion, point processes defined by means of their
stochastic intensity can also be represented by means of some
underlying discrete noise, which is a Poisson random measure.

» Poisson random measures are interesting objects per se - but
we only use them for representation issues.



Let X,, n > 1, all distinct, be random variables taking values in
R+ X R+. We pUt
= Z&Xn.

n>1
This is a random counting measure : 7(C) = > 72, 1¢(Xp).
Definition
7 is a Poisson random measure (PRM) on Ry x R with intensity

dtdx (Lebesgue measure) if
1) for all C € B(R%),

7(C) ~ Poiss(|Cl),

where |C| denotes the Lebesgue measure of the set C,
2) for all Cy,...,C, € B(Ry x Ry) which are mutually disjoint,
7(C1),...,m(Cy) is an independent family of random variables.



Proposition (Which shows how to construct/simulate from 7
where K C R, x R, is some compact set.)

Choose N ~ Poiss(|K|) and, conditionally on N = n, choose n i.i.d.

random variables X1, ..., X, which are uniformly distributed on K
and independent of N (that is, P(X; € C) = |C|%<|) If we put

N
T = Zéxk,

k=1

~ L
then i = K-



Basic facts on PRM's

> Let F7 := o(m(A): AC[0,t] x Ry, A € B(R2)) and
introduce the centered random measure 7(ds, dz) := m(ds, dz)

—dsdz.
M, = / / (s, 2)7(ds, dz)
[Ovt] R+

» Then
is a martingale for all predictable processes ¢ !

// ©(s, z)|dsdz < oo

for all t > 0. If moreover ¢ € L2, then

VarM; = / / (s,z)dsdz.

Lthat is, ((s,w), z) — @(s,z,w) is P ® B(R;)—measurable




Thinning

> Apply the above result with the particular choice

©(s,2) = Liz<x(s)}-
» Then

Zt —/ / l{zg)\(s)}ﬂ'(ds, dX)
[Ovt] R+

is a counting process having stochastic intensity A.

» We say that Z is obtained from 7 by thinning. Kerstan 1964,
Lewis+Shedler 1976, Ogata 1981.



Thinning/Poisson embedding

Theorem (Jacod 1979, Brémaud-Massoulié 1996)

Any (non-explosive simple) point process having stochastic intensity
can be represented by means of the thinning of a PRM!



Coupling

Thinning helps for coupling:
» Suppose Z has intensity \, and Z intensity \.

» Construct them according to the synchronous coupling, that is,
using the same underlying PRM 7 (that makes them jump
together as often as possible).

> Then uncommon jumps are caused by atoms (s, z) such that
A(s) <z < A(s) or A(s) < z < A(s).
» So the total variation distance on [0, t] is given by

E/[O’t] d(Zs — Z,)| = E/O | A(s) — A(s)|ds.
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Mean field limits in the Hawkes frame



Mean field models

» We consider N similarly behaving neurons, that is, f; = f
Lipschitz and h;,; = %h, he L}OC fixed kernel function.
» For any fixed N, we have a unique strong solution of the finite

system, driven by N i.i.d. PRM's 7/,1 <i < N.
» Each neuron jumps at rate f(UN(t—)), where UN'(t) =

N

Z/{O t] hjﬁ,-(t—s)dZN’j(s):/ h(t — s)dZM(s) = UN(2),

j=1 [0.2]

=N 1 . N,i
z (t):NZZ (t)

the empirical spike counting process.

> ZM(t) = Joq «r. Hzzr(ur(s—y)™ (ds,dz) : common
intensity but independent driving noises.



Heuristics : MF Limit

> UN(t = Jiogh s)dZN(s).

> As N — oo, we expect ZV(t) — E(Z(t)), where Z(t) is the
spike counting process of a typical neuron in an infinite limit
population.

> U(t) = Jig.q h(t — s)dEZ(s).



Heuristics : MF Limit

> UN(t) = [ig.q h(t —s)dZN(s).

> As N — oo, we expect ZV(t) — E(Z(t)), where Z(t) is the
spike counting process of a typical neuron in an infinite limit
population.

> U(t) = Jig.q h(t — s)dEZ(s).
> And so the limit intensity is deterministic : A(t) = f(U(t)).



Heuristics : MF Limit

f[o t] dZN( )-

> As N — oo, we expect ZV(t) — E(Z(t)), where Z(t) is the
spike counting process of a typical neuron in an infinite limit
population.

> U(t) = Jig.q h(t — s)dEZ(s).
> And so the limit intensity is deterministic : A(t) = f(U(t)).

» So: Z’(t) = f[O,t] xRy ].{ng(a(s_))}ﬂ'i(ds,dZ) is a time
inhomogeneous Poisson process.
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> U(t) = Jig.q h(t — s)dEZ(s).
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Heuristics : MF Limit

f[o t] dZN( )-
> As N — oo, we expect ZV(t) — E(Z(t)), where Z(t) is the
spike counting process of a typical neuron in an infinite limit
population.

> U(t) = Jig.q h(t — s)dEZ(s).

> And so the limit intensity is deterministic : A(t) = f(U(t)).

> So: Zi(t) = f[07t] R, l{zsf(g(s_))}w"(ds,dz) is a time
inhomogeneous Poisson process.

> Thus EZ/(t) = [; \(s)ds = [ f(U(s))ds.

» Thus

0(t) = /[0 ) h(t — s)f(U(s))ds. (1)



Theorem (Delattre, Fournier, Hoffmann 2016, Hawkes on large
networks)

1) Under the condition h € L:}OC and f Lipschitz, there exists a
unique solution of (1) such that t — fot f(U(s))ds is locally
bounded.

2) Consider the Sznitman coupling of (ZN'') and (Z') : for all

1<i<N,

Z"r:/ 1y, ct(Gis (ds, dz),
(= Joq vn, Her @y (05 62)

where 7' is the PRM used to construct ZN .



Theorem (Delattre, Fournier, Hoffmann 2016, Hawkes on large
networks)

1) Under the condition h € L}, and f Lipschitz, there exists a
unique solution of (1) such that t — fot f(U(s))ds is locally
bounded.

2) Consider the Sznitman coupling of (ZN'') and (Z') : for all

1<i<N,

Z"r:/ 1y, ct(Gis (ds, dz),
(= Joq vn, Her @y (05 62)

where 7' is the PRM used to construct ZN-' .
Then we have the strong error bound

E (sup | ZNi(t) — Z"(r)) < CrN7Y2,
t<T



— In particular, for any / > 1 fixed, we have convergence in law
L
(zM,.. 2% S P

where P = £(Z) is the law of the McKean-Vlasov type non-linear
limit process

Z(t) :/ 1y <drz(s)ym(ds, dz)
[O,t] XR+

(we endow D(R.,R) with the uniform convergence on compact
time intervals).

— This means that we have propagation of chaos.



Elements of the proof.

Step 1.
f Lipschitz and h only locally integrable imply that the convolution
equation

0(t) = /[O ] h(t — s)f(U(s))ds

possesses a unique solution in C1.

Corollary

Let U(t) be the unique solution of (1) and let ©' i > 1, be i.i.d.
PRM'’s on R, x R, having Lebesgue intensity. Then

Zit::/ Lo, <ri(s 7' (ds, dx
() 04 xx, (EEAOEN) (ds, dx)

is an i.i.d. family of time-inhomogeneous Poisson processes with

intensity f(U(t)), and



Sznitman coupling

> AN = Jioq |d(ZNi(s) — Z(s))|, N = EAN' (does not
depend on i by exchangeability).



Sznitman coupling

> AN = Jioq |d(ZNi(s) — Z(s))|, N = EAN' (does not
depend on i by exchangeability).
> sup,<, [ZMV(s) = Z/(s)| < A

> Then (supposing that f non-decreasing)

N,i ’-
Ay = / 1{f(UN(sf)/\U(S))<X§f(UN(Si)vU(S))}ﬂ' (ds, dx).
[0,t] xR+



Sznitman coupling

> AN = Jioq |d(ZNi(s) — Z(s))|, N = EAN' (does not
depend on i by exchangeability).
> sup,<, [ZMV(s) = Z/(s)| < A

> Then (supposing that f non-decreasing)
N,i ’.
Ay :/ 1{f(UN(sf)/\U(S))<x§f(UN(Si)vU(S))}ﬂ' (ds, dx).
[0,t] xR+

» Such that

5N<E/ IF(U(s)) — f UN( )|ds

< flluio /

N Z/o [0,5] (s = u)(dEZ(u) = dZ™(u))| ds



» To control

/o NZ/OS[ s — u)(dEZ(u) — dZ™(u))| ds

we add and subtract the limit process dZ/(u) to obtain a
decomposition A+ B where A is a variance and B a biais term.

>

o 5j 5j
A_/O E szzl/m’s[ h(s — u)(dEZI (u) — dZi ()| ds

N = .




Control of biais term by stochastic Fubini theorem

» Let N(t) be any non-explosive simple counting process and
@ >0, then

/ot/[o,s[“’(s — u)dN(u)ds = /otso(s — u)N(u)du.

» Applying this to N(u) — ANY(u) and to |h|, and then taking
expectation, we obtain

B < /Ot Ih(t — u)[6" (u)du.



Control of the variance term

> Put XVi(t) = fio  h(t — u)dZi(u),1 <j <N,



Control of the variance term

> Put XNJ( f[o " u)dZi(u),1 <j < N, i.id. having
mean [; h t—u)dE(ZJ( ))-
> We rewrite
t 1 N . .
A:/ E /\/Z/ h(s — u)(dEZI (u) — dZi(u))| ds
0 —1 J[0,s]
j=1

ds

-

ZXNJ B(X"(s))

< N_1/2/ \/ Var(XN:1(s))ds
0




XN71(5)—EXN’1(S) :/ / h(s—u)l{x<f(0(u))}ﬁ'1(du,dX),
[075[ ]R+ N

where #1(du, dx) = w*(du, dx) — dudx is the compensated
PRM.

» So

Var(XN'1(s)) = /S h?(s — u)f(U(u))du.
0

> Since h € L2 _and f(U(u)) a priori bounded on finite time
intervals, this is upper bounded by C7, forall s <t < T.



XN71(5)—EXN’1(S) :/ / h(s—u)l{x<f(0(u))}7?1(du,dX),
[075[ ]R+ N

where #(du, dx) = 7'(du, dx) — dudx is the compensated
PRM.

So
Var(XN'1(s)) = / h?(s — u)f(U(u))du.
0

Since h € L2 _and f(U(u)) a priori bounded on finite time
intervals, this is upper bounded by C7, forall s <t < T.

Putting things together we obtain for all t < T,

ot
sN < CcrNTY2 4 C/ |h(t — s)[6Nds.
0



Convolutional Gronwall
QUESTION : how to solve

t
5N < CrN-L2 4 c/ Ih(t — 5)[0Nds.
0



Convolutional Gronwall
QUESTION : how to solve

t
5N < CrN-L2 4 c/ Ih(t — 5)[0Nds. )
0

Since h € L}, _, there exists a sufficiently large A such that

1
/ [h(t — u)[L(ja(e—u)>aydu < 5=

So, since 0N < 6N,

t
/|h(t—s)\5£’dsg/ A5’Vds+—5"’
0 2C t

Inserting in (2) and subtracting 367 on both sides implies, for all
t<T,

1 B t
55{" < CrN~Y2 4 CA/O 5N ds.
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Emergence of oscillations in the limit



Erlang memory kernels

We now discuss how oscillations might arise in the limit model.
» Recall

0(t) = /[0 ) h(t — s)F(U(s))ds.

v

Consider Erlang memory kernels:
h(t) = ce‘“t%,a >0,ceR,n>0.

The delay of influence on the past is distributed.

v

» Takes its maximal value at n/« times steps back in the bast.

v

We say that n is the order of the memory.



Erlang memory kernels

We now discuss how oscillations might arise in the limit model.
» Recall

0(t) = /[0 ) h(t — s)F(U(s))ds.

» Consider Erlang memory kernels:
h(t)=ce ®'t a>0,ceR,n>0.
» The delay of influence on the past is distributed.
» Takes its maximal value at n/« times steps back in the bast.

» We say that n is the order of the memory. If ¢ > 0, the
influence on the past is excitatory, else, inhibitory.

» Notice that h'(t) = —ah(t) + ce‘“t(ﬁfll)!




Monotone cyclic feedback systems

» Introduce the auxiliary variables

t —s n—k _
xk(t) = c/o e‘a(t_s)(in_)k)!f(U(s))ds, 0< k<n.

> So U(t) = xO(t).



Monotone cyclic feedback systems

» Introduce the auxiliary variables

t —s n—k _
xk(t) = c/o e“’(t—s)(in_)k)!f(U(s))ds, 0< k<n.

» And
() [ 588 = =k (04 X0, 0 < k<
dxdgt) _ —aXn(t) + f(xo(t))
Definition

System (+) is called a monotone cyclic feedback system
(Mallet-Paret+Smith 1990).



Some simulations in the case of a single neuron (N = 1)

A single neuron's spike train represented by a Hawkes process with
an Erlang memory kernel, of memory order 3 :

X, X,
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Figure: Picture by Aline Duarte, USP, Sao Paulo
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Figure: Picture by Aline Duarte, USP, Sao Paulo



Lemma
Suppose ¢ < 0 and f non-decreasing. Then (+) admits a unique
equilibrium x*.

Proof.
x* = (x*0 ... x*") satisfies

ax®k = x*k+1 for all k < nand ax™" = cf (x*?).
So

c 1
X" = af(ax*vn).

Since t — £f(1:t) is non-increasing, this implies the existence of a
unique solution. O



Poincaré-Bendixson Theorem

Theorem (Mallet-Paret+Smith 1990)

Suppose n > 2, f non-decreasing, bounded, analytic. Suppose

moreover that
an—l—l

(COS( ,,11 )> "

Then x* is unstable and (+) possesses a finite positive number of
periodic orbits. At least one of them is orbitally asymptotically
stable.

\cf’(x*’o)\ >




Oscillations of the limit intensities in a two-population model

Simulation of a system with 2 populations of neurons (we pass to a
mean field limit in a multi-population frame) and memory 3 for the
first population and memory 4 for the second one :

10

0
L

1

x(t)

L

840 -30 -20 -10
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Spatially structured models



Spatially structured Hawkes processes

| 2

>

This part of the lecture is based on joint work with Julien
Chevallier, Aline Duarte and Guilherme Ost.

N neurons which are attached to positions x; € RY,1 < i < N,
x; is the position of neuron j.

Spiking rate of neuron i at time t is f(U""/(t—)) with

N
. 1 :
UNI(t) = e ug(xi) + = Z w (XJ',X,')/ e (t=s)gzNi(s).
N 10,1]

w : RY x RY — R is the matrix of synaptic weights. (We read
the interactions from left to right...)

a > 0 is the leakage rate and ug : RY — R is the initial input.



Equivalent Markovian description

» Exponential leakage function = Process of membrane
potentials (UN/(t),1 < i < N) is a piecewise deterministic
Markov process (PDMP).

» Generator : For u = (u1,...,uy)
N
N
Z u;) g (u Z w(xi, X)) — g(u)],
=1 J

e is the j—th unit vector in RN,



We shall work under
Assumption
1. The firing rate f is Lipschitz.

2. The initial potential input ug(x) is bounded and Lipschitz in x.
3. The matrix of synaptic weights w is Lipschitz and bounded.

Remark

What we actually need is this : Total input of interactions is
bounded in the following sense: for some convenient a priori
probability measure o (spatial distribution of neurons)

Sgp/QIW(y,X)IQQ(dy) < 00

plus analogous condition when we integrate over x.



We shall work under

Assumption

1. The firing rate f is Lipschitz.
2. The initial potential input ug(x) is bounded and Lipschitz in x.
3. The matrix of synaptic weights w is Lipschitz and bounded.

Remark

What we actually need is this : Total input of interactions is
bounded in the following sense: for some convenient a priori
probability measure o (spatial distribution of neurons)

Sgp/QIW(y,X)IQQ(dy) < 00

plus analogous condition when we integrate over x. The condition
that w is bounded is only to make the talk easier to follow.



Proposition (Bounds on first and second moments)
Under our assumptions, for each N > 1 and T > 0:

1 N N

S E[@Mm)] + 5 S E @iy < e

i=1 i=1

where Ct does not depend on N.



For each T > 0, we consider the empirical measure of spike trains
associated to positions of neurons

'D[(o T]) (dn, dx) dn, dx).

((ZMi(t O<t§T:Xi)(

HMZ

This is a random probability measure on D([0, T],R.) x RY.
Let o(dx) be a probability measure on RY. We work under
Assumption

1. The positions of neurons xi,...,xy are i.i.d. distributed
according to o(dx).

2. p possesses some exponential moments.



Propagation of chaos

We will prove : there exists a deterministic probability measure
Ppo, 11 on D([0, T],R) x RY with :

Nlinoo dKR(P[QT] s Po,77) = 0, almost surely w.r.t xi,xa, .. ..

Here:

(N,N) — (N,N)
dKR(’D[o’T] 7P[0,T]) = sup E H<ga P[O,T] - P[O,T]>
gelLipy

I

Lip; = Lipy(D([0, T],R;) x RY) and E is taken w.r.t to the
randomness present in the jumps.




Remark
dkr Is a Kantorovich-Rubinstein type distance.

Proposition (A priori properties of Pp 1 :)

Under our assumptions,

/ / [7% + n7]Po. 71 (dn, dx) < o0.
rd JD([0, TI,R,)

By the Disintegration theorem:
Ppo,11(dn, dx) = Ppo,11(dn|x)e(dx).

MAIN QUESTION : what does P 11(d7|x), the conditional
distribution of 1 on [0, T], given the position x € R?, look like?



Macroscopic Model:

Recall : Intensity of neuron at position x;, at time t given by
1 .
Fletuo(x) + = 3 wixj, x) / e~lt=5) g7 N3 5)).
N 10,1]

== For each x € supp(0): Po,11(dn|x) = law of inhomogeneous
Poisson process Z*(t) having intensity (\(t, x))o<t<T, Where

A(t,x) = f (e”*up(x)

+/ﬂ%d W(y,x)/:e“(”)A(&y)dsg(dﬁ>- (3)



Rewriting the a priori bounds in terms of the intensities gives that
it should be a priori true that

Lo (e

Proposition (Regularity)

2

+ /OT)\(t,X)dt] o(dx) <oco  (4)

—

Under our assumptions, for any solution A of the equation (3) such
that (4) holds for all T > 0, we have:

L VT >0, Ae ([0, T] x RY,Ry) and || Aljp, 7xre,co < 00

2. X\ is Lipschitz-continuous in the space variable, uniformly in
time over compact time intervals.



Proposition (Existence and uniqueness)
Define F from C([0, T] x R, R} ) to itself by

A= FOA)(t,x)=f (e_atuo(x)
t
# [ wlron) [ et ol )
RY 0
Then for any A\, \ € C([0, T] x R, R,),
IF(X) = F)lljo, rixme o0 < Clev, Le)(1 = e70T)

X [[A = 5\||[0,T]de,oo~ (5)

Remark
The inequality (5) + a fixed point argument imply both existence
and uniqueness of a solution of the equation (3).



Theorem
Under our assumptions, almost surely (wrt the positions) we have
that

dkr (P[(OIY’TI}I% P[oy]) <Cr </V71/2 + Wa(ut, Q)) :



Corollary : Suppose g(dy) < A(dy) with ~Cl—density and fix
x, %X € supp(p). Consider “kernels” ®p(z), Pn(z) s.t. as N — oo,

1. dn(2)o(dz) 5 64(dz) and ®p(2)o(dz) 2 dx(dz).
2. For ¢, % : D([0, T],R4) — [-1,1], € Lipy, let

gn(n,2) = (n)®n(z) ~ ©(n)dx(z)

and
En(n, z) = ¢(n)Pn(z) ~ B(n)dx(z).
Then :

E Kg/v: P[(OIY’TI}I)> <§N: P[(OIY’TI}I)H — (¢, Ppo,11(:1x)) (&, Ppo, 11 (-1X)) -

The activity near x is asymptotically independent of that near X.
Relating this result with multi-class propagation of chaos:

> x = X : chaoticity within a class.

> x # X : chaoticity between two different classes.



Remark (Neural field equation)
Write for each t > 0 and x € RY

u(t,x) = e “tug(x) + /

t
w(yx) [ eI s.y)dsold)
Rd 0

Then
A(t, x) = f(u(t, x)),
and u(t, x) satisfies the neural field equation:

a”(att’x) = QU(t,x)wL/Rd w(y, x)f(u(t,y))o(dy), u(0,x) = up(x).



Remark
Neural field equations have been widely studied in the analytical
and the neuro-scientifique literature, see e.g. Bressloff (2012).
» Standard choices for f : Sigmoid, piecewise linear function or a
Heaviside function (to ease computations only!)
» Often : Symmetry assumption on w, e.g. Mexican hat = to
generate oscillations.
» Choices of g : Uniform over bounded set (Lucon and Stannat
2014), or Gaussian distribution (Bressloff 2012).



Writing UN)(t, x;) := UN(t), where

. 1 ’
UN"(t) = e’afuo(X,') + N Z w (xJ X,-) / e*a(tfs)dzj(N)(S)

is the potential of neuron in position x; at time t,

we obtain the convergence of UN)(t, x;) to the solution u(t, x).
Corollary 3: Under the conditions of Theorem 1,V T > 0 and
almost all realizations of xq, xo, ..., it holds that

Jim E (/Rd/ (t,x) — u(t, x)|dtul >(dx)> =0,

where E is taken w.r.t the randomness present in the jumps.



Sketch of proof of Theorem
Estimates on the distance dKR(P[(ON’TI;I), Pio,77) are done in 2 steps.
The fundamental objects to study are:

N
p(N.N) _ 1
[0 T] (dna dX) - N Z; 6((ZN’i(t))0§t§T7Xi)(dTl’ dX),

P[((;)OT?)(dna dx) = 'D[O,T](dn’X):U’(N)(dX)a

Ppo,my(dn, dx) = Ppo,71(dnlx)e(dx).

Step 1: To show that (discretisation in space and coupling a la
Sznitman)

NN) p(oo,N -
dkR (P[(O,T])’ P[(O,T] )) < Cr[N7Y2 + Wa(o, ™).

Basically the same proof as before.



Sketch of proof of Theorem
Estimates on the distance dKR(P[(ON’TI;I), Pio,77) are done in 2 steps.
The fundamental objects to study are:

N
p(N.N) _ 1
[0 T] (dna dX) - N Z; 6((ZN’i(t))0§t§T7Xi)(dTl’ dX),

P[((;)OT?)(dna dx) = 'D[O,T](dn’X):U’(N)(dX)a

Ppo,my(dn, dx) = Ppo,71(dnlx)e(dx).

Step 1: To show that (discretisation in space and coupling a la
Sznitman)

NN) p(oo,N -
dkR (P[(O,T])’ P[(O,T] )) < Cr[N7Y2 + Wa(o, ™).

Basically the same proof as before.

Step 2: To show that

oo,N
dkR (P[(o,r] )7P[0,T1) < CrWa(o, ut™).



Proof of dKR(P[(OO’CT’fI), Pio. 1) < CrWi(o, My

> Fix any coupling WIM(dx, dy) of (") (dx) and o(dy).



Proof of dkg( [(0 7] 2 ,Po,77) < CrWa(o, ™)

> Fix any coupling WIM(dx, dy) of (") (dx) and o(dy).
> VY x,y, take the sync. coupling of Z* and Z¥. Let g € Lip;.
>

(c0,N)
<g’P[OT] — P11 >
[ / 1M () / g(2%,y)oldy)]

/ (6(Z%.x) — g(Z . y)| WM (dx, dy).
RI xRd
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> VY x,y, take the sync. coupling of Z* and Z¥. Let g € Lip;.
>

(c0,N)
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/ (6(Z%.x) — g(Z . y)| WM (dx, dy).
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» g € Lipy implies that [...] <sup,t |ZX = ZY| + |Ix — y||.



Proof of dkg( [(0 7] 2 ,Po,77) < CrWa(o, ™)

> Fix any coupling WIM(dx, dy) of (") (dx) and o(dy).
> VY x,y, take the sync. coupling of Z* and Z¥. Let g € Lip;.
>
PN _ p
<&, [0, T] [0,7] >

—E[/ 1M (dx) — /g(fy,y)p(dy)]

/ (6(Z%.x) — g(Z . y)| WM (dx, dy).
RI xRd

» g € Lipy implies that [...] <sup,t |ZX = ZY| + |Ix — y||.

5 5 T
> Esup,c7 |2 = ZL| < [y [A(s,x) = A(s,y)| ds < Crllx -y,
since A\ Lipschitz in space, uniformly in time. [



Some simulations: Propagation of activity
Simulations done by Julien Chevallier
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Some simulations: Propagation of activity
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Models with reset



Models with reset

» Neurons reset after spiking (their potential goes back to a
resting value, that we take equal to 0 here).

» N neurons having membrane potential
UNi(t) > 0,1 < i < N, each spiking at rate f(UN(t-)).
» We take h(t) = he “f, where o > 0 (exponential decay),
h > 0 (synaptic weight).
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UNi(t) > 0,1 <i < N, each spiking at rate f(UN"(t—)).
» We take h(t) = he “f, where o > 0 (exponential decay),
h > 0 (synaptic weight). Then

Nl N
U= [ ),
JF#i
Li = sup{s < t: AZN(s) = 1} last spike before time t.

» The membrane potential goes back to 0 at each spike: t = L]
implies that UN/(t) = 0.



Models with reset

| 2

>

Neurons reset after spiking (their potential goes back to a
resting value, that we take equal to 0 here).

N neurons having membrane potential
UNi(t) > 0,1 <i < N, each spiking at rate f(UN"(t—)).

» We take h(t) = he “f, where o > 0 (exponential decay),

h > 0 (synaptic weight). Then

Sy

JF#i

Li = sup{s < t: AZN(s) = 1} last spike before time t.

The membrane potential goes back to 0 at each spike: t = L.
implies that U"/(¢) = 0. And then the neuron’s potential
collects inputs of presynaptic spikes since the last spiking time
of the neuron.



» Equation driven by PRM's (of Lebesgue intensity)

dUMi(t) = —aUN(t)dt+> = /1{z<f(um(t )y (dt, dz)
JF#i

—UMN(t-) /R Lizzr(umie-p (dt, d2).
+

» Generator: for all ¢ : RN — R, sufficiently regular,
X =(X1,...,Xn),

N dp
Xi )P\ X X)) — @\X)| —« o, X)Xj,

=D Fa)lp(x + Ai(x) = ¢(x)] o )

i=1 i=1
(8:() = {”/XN 7

> We call the reset the big jump.



Assumption

f1, f(0)=0, f(x) >0 for all x >0, f € C2, convex,
f(x+y) < C(1+f(x)+f(y)) and

)s(t;;i[f’(x)/f(x) + f(x)/f'(x)] < oo.

Example

We think of f(x) = (x/K)P for some (possibly large) p, where
K > 0 is fixed (soft threshold).



Associated limit equation

dU'(t) = —al'(t)dt — U"(t—)/R Le,<r(i(e_n™ (dt, dz)
+ hE(F(U'(t)))dt.

» Evolution remains stochastic as consequence of the “big
jumps’ (reset after spike).

> Writing g = L(U(t)), g is weak solution of a non-linear PDE

Orgt(x) = (ax—hgi(f))Oxgt(x)+(a—f(x))gt(x),t > 0,x > 0,

gi(f) = / f(x)gt(dx), g:(0) = % vt > 0.



Theorem (with Nicolas Fournier, 2016)

1. Suppose that go(f) < co. Then there exists a pathwise unique
solution of the limit equation.

2. If moreover go(f?) < oo, for the Sznitman coupling, supposing
that UN/(0) i.i.d. ~ go, and introducing the function
H(x) = f(x) + arctan(x), we have

sup E(|UM/(6) - 0/ (1) [ H(UM'(8)) - H(O' (1)) < Cr/V.

Plan of proof.

i) A priori bounds.

ii) Well-posedness of limit system (f unbounded and non-Lipschitz)
iii) Quantified propagation of chaos by Sznitman coupling.



A priori bounds

f non-decreasing implies that a priori

> UNi(t) < UNI(0) +30M(0) + 4h L NP,
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» This implies the well-posedness of the finite system (we
construct it up to time 7x = inf{t: >, UNi(t) > K}, it is
well-defined up to 7k, and then we show that
limk 00 Tk = 00 thanks to the a priori bounds).
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A priori bounds

f non-decreasing implies that a priori

> UNi(t) < UN(0) +30M(0) + 4h L NFCP).

» This implies the well-posedness of the finite system (we
construct it up to time 7x = inf{t: >, UNi(t) > K}, it is
well-defined up to 7k, and then we show that
limk 00 Tk = 00 thanks to the a priori bounds).

> Ui(t) < U/(0) + 3E(U(0)) + 4hf(2h)t.

» This implies that any solution of the limit equation a priori
satisfies that t — E(f(U(t))) is locally bounded, if go(f) < oco.



Pathwise uniqueness of the limit

> Let U(t), U(t)_ be two solutions, driven by the same PRM,
starting from U(0) = U(0). Then

0(t) - 0(t) = —a /Ot(U(s) _ 0(s))ds
+ h/tIE(f(U(s)) — £(0(s)))ds
0

- U(s—)1 js—)y — Uls—)1 7 7(ds, dz).
./[071:] XR+( (s-) {z<f(U(s—))} (s-) {zgf(U(sf))}) ( )

» Need to take L' distance because of the state-dependent jump
rate.
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which is not Lipschitz.



Pathwise uniqueness of the limit

> Let U(t), U(t)_ be two solutions, driven by the same PRM,
starting from U(0) = U(0). Then

0(t) - 0(t) = —a /Ot((/(s) _ 0(s))ds
+ h/tIE(f(U(s)) — £(0(s)))ds
0

- U(s—)1 js—)y — Uls—)1 7 7(ds, dz).
./[071:] XR+( (s-) {z<f(U(s—))} (s-) {zgf(U(sf))}) ( )

» Need to take L' distance because of the state-dependent jump
rate. But the compensator of the big jumps is
af(a) — af ()

which is not Lipschitz. So: compare the two processes after
having applied the bijection H(x) = f(x) + arctan(x). most

important point, for x > 0 small, x is comparable to arctan(x) (while it is not to f(x)).



Properties of the space transform

Lemma
There is a constant C such that for all x,y € Ry, we have

L [H"(x)] < CH'(x),

2. x + H'(x) < C(1 + f(x)),

3. [x =yl +[H'(x) = H(y)| + |f(x) — f(y)| < C[H(x) — H(y)],
. —sign(x — y)(xH'(x) — yH'(y)) < C[H(x) — H(y)I,

5.

o

— (FO) A T))IH(x) — H(y)l
+ () = FIHO) A Hy) = [H(x) = H(y)])
< CH(x) = H(y)I-



Proof.
Suppose x < y. Then we may rewrite the LHS of the last point as

—f(x)(H(y) = H(x)) + (f(y) = fF(x))[H(x) = (H(y) = H(x))]-
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Proof.
Suppose x < y. Then we may rewrite the LHS of the last point as

—f(x)(H(y) = H(x)) + (f(y) = F(x))[H(x) — (H(y) = H(x))].
This equals
H)[f(y) = FO)] + Fy)[H(x) = Hy)] -

We use that (f(y) — f(x)) < (H(y) — H(x)) because

H(x) = f(x) + arctan(x) with both f and arctan non-decreasing,

that f(y) > f(x) to get the upper-bound

IH(x) = H()(H(x)~F(x)) = [H(x)=H(y)| arctan x < Z[H(x)=H(y)!

This completes the proof. Ol



Pathwise uniqueness-continued

— Itd together with the above properties of H gives

E(| H(U(t)) = H(O(1)]) < C/O E(| H(U(s)) — H(U(s))|)ds

B ds,



Pathwise uniqueness-continued

— Itd together with the above properties of H gives
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Pathwise uniqueness-continued

— Itd together with the above properties of H gives

E(| H(U(t)) = H(O(1)]) < /0 E(| H(U(s)) — H(U( )))ds
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Pathwise uniqueness-continued

— Itd together with the above properties of H gives

E(| H(U(t)) = H(O(1)]) < C/O E(| H(U(s)) — H(U(s))|)ds

Bsz]E(SIgn(U U)<H’(U)Ef(U) H'(Us)E (f(Us)))).

Bs < E(|H'(Us) — H'(U)|EF(Us)ds+
E(H/(Us))E’f(Us) - f(Us)’ds’

Red terms bounded by a priori bounds since H' < C(1 + f). Then use that

[H'(x) = H' (V)] + |f(x) = F(y)| < CIH(x) = H(y)] . 0



Existence of a strong solution of the limit equation

» OK if f is bounded, by Picard iteration.
» Less evident for f unbounded such as (x/K)P.



Existence of a strong solution of the limit equation

» OK if f is bounded, by Picard iteration.
» Less evident for f unbounded such as (x/K)P.
> In this case we first prove the weak propagation of chaos.

» From this we deduce the existence of a weak solution of the
limit equation.

» And thus strong existence (Yamada-Watanabe).



Theorem (with Nicolas Fournier, 2016)
Let UNI(0) be i.i.d., ~ go such that go(f) < co. Then
1. The sequence of processes (UN'1(t))s>0 is tight in D(R,).
2. The sequence of empirical measures
py = N1V, S(UNi(t))s 1S tight in P(D(R4.)).
3. Any limit point yu of py a.s. belongs to {L((U(t))t>0)}-

4. Therefore, puy goes in probability to i := L((U(t)), where U
is the unique solution to the limit equation.

Remark
Point 2. follows from point 1., Sznitman, Saint Flour Lecture

notes.
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Theorem (with Nicolas Fournier, 2016)
Let UNI(0) be i.i.d., ~ go such that go(f) < co. Then
1. The sequence of processes (UN'1(t))s>0 is tight in D(R,).
2. The sequence of empirical measures
uy = N1 ZlNzl (S(UN,i(t))tZO is tight in P(D(R.)).
3. Any limit point yu of py a.s. belongs to {L((U(t))t>0)}-

4. Therefore, puy goes in probability to i := L((U(t)), where U
is the unique solution to the limit equation.

Remark

Point 2. follows from point 1., Sznitman, Saint Flour Lecture
notes. To prove point 1., we prove the tightness in Skorokhod
space. For this, 3 well-known criterion : Aldous tightness
criterion, well explained in the book by Jacod-Shiryaev.



Aldous criterion

Check that :
» forall T >0, alle >0,

limlimsup  sup  P(JUNY(S) — UNL(S)] > ¢) =0,
N0 N—oo (S,5)€As T



Aldous criterion

Check that :
» forall T >0, alle >0,

limlimsup  sup  P(JUNY(S) — UNL(S)] > ¢) =0,
N0 N—oo (S,5)€As T

As, T = set of all pairs of stopping times (S, S’) such that
0<S<S<S5+6<Tas,

> forall T >0, limxtoo supy P(SUP¢cpo, 7] UNl(t) > K) = 0.

To check this in our model is not too difficult... (see details in
paper with Nicolas).



Identification of the limit measure

» Once we have tightness of the sequence 1V, we need to
characterize any of its possible limits .

» Martingale problem We show that p satisfies F(u) =0,
where for all sy <5 < ... <5, <s < t,

Hm:éwﬁﬁymmwwm%wwmw
[0 = 0l) = [ F)(0(0) ~ o())d

- [ i) anlas] =o.



Identification of the limit measure

» Once we have tightness of the sequence 1V, we need to
characterize any of its possible limits .

» Martingale problem We show that p satisfies F(u) =0,
where for all sy <5 < ... <5, <s < t,

Fw:%ﬁwLMmmmwmmmmwmn
[0 = 0l) = [ F)(0(0) ~ o())d

- [ i) anlas] =o.

» This is nothing else then saying that i has to be the law of

(U(1))s-



Remark

— To prove that any limit is solution of the martingale problem is
done by developing the generator of the N—particle system
(Taylor etc). Technical, but not so difficult.

— We can also prove a quantified version of the propagation of
chaos by using a C*>—regularized version of the distance

|H(x) — H(y)| and some localization technique/truncation
procedure of the total jump rate.
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Longtime behavior of the limit system



Longtime behavior of the finite system in the case with
reset, without external stimuli

The results of this part are mostly based on a joint work with Pierre
Monmarché.

» If £(0) = 0, the all-zero state is the only invariant state of the
finite system.



Longtime behavior of the finite system in the case with
reset, without external stimuli

The results of this part are mostly based on a joint work with Pierre
Monmarcheé.

» If £(0) = 0, the all-zero state is the only invariant state of the
finite system.

» Indeed, Aline Duarte and Guilherme Ost (2016) have shown :

Theorem

If f is differentiable in 0, then the system stops spiking almost
surely. As a consequence, the unique invariant measure of the
process is given by &y, where 0 € RN denotes the all-zero vector in
RN,



Proof.
— Suppose all initial potential values are x; > 0,1 </ < N, then
the probability that the first spike of the system occurs after time t

IS N .
P(T1 > t) =exp <_,-Z:;/o f(e x,-)ds) .



Proof.
— Suppose all initial potential values are x; > 0,1 </ < N, then
the probability that the first spike of the system occurs after time t

IS N .
P(T1 > t) =exp <_,-Z:;/o f(e x,-)ds) .

as

— Use change of variables y = e ~**x; :

N

i=1



Proof.
— Suppose all initial potential values are x; > 0,1 </ < N, then
the probability that the first spike of the system occurs after time t

IS N .
P(T1 > t) =exp <_,-Z:;/o f(e x,-)ds) .

— Use change of variables y = e —¢¢

N o
- 1E [ )

i=1

Xj .

— lett — 00

N

P(T1 = 00) = exp (—;Z/j f(yy)dy> >0,

i=1

since |, @dy < oo : f(0) < oo. O



Proof.
— At each time t such that all potential values of all neurons
are simultaneously below some threshold K, there is a strictly

positive probability
N [Kf
> exp </ (y)dy>
@ Jo Y

that none of the neurons does ever spike again.

— Use Lyapunov techniques to show that this event (all values
below K) happens i.o. almost surely plus conditional
Borel-Cantelli lemma.



> Finite system possesses a last spiking time L = LN < oo
almost surely, for any N.

» The situation changes however as N — oo as we can see on
simulations (done by C. Pouzat for a slightly different model)

» We will show that LV is exponentially large in N as N — oo.
But ... LN is not a stopping time...



The last spiking time is a stopping time - somehow !

» LN is not a stopping time of the process (that is, to decide if L¥ < ¢ it is

not sufficient to consider the history up to time t only).

» LN becomes a stopping time if we consider a “larger” version
(UN(t), E(t)) € RY™ of our process.

» Fix an i.i.d. sequence (7)n>0,7n ~ Exp(1). Put E(0) = 7p.

» Up to the first jump time T7, we have as before

dUNi(t) = —aUN(t)dt, 1 < i < N.
Moreover, we put

N
dE(t) == f(UN(t))dt, that is,



» We define T; = inf{t > 0: E(t—) = 0}.
> At time Ty, the process UN makes its transition as before

(decide which of the neurons spike and then perform the jump
transition).

» Moreover, we put E(T;) := 11, and start again with the
dynamics described above up to the next jump

Ty = inf{t > T E(t—) = 0}.



» In this new setting,

[N = inf{t: E(t / Zf (e-osUNi(£))ds}  (6)

is now a stopping time with respect to the canonical filtration
of the enlarged process (UV, E).

> Notice that [;° S, f(e=@sUN/(t))ds is finite !!!

» A similar construction has been proposed by Marie Cottrell in

her article Mathematical analysis of a neural network with
inhibitory coupling SPA 1992.



Invariant states of the limit process

» In the limit, each neuron's potential undergoes leakage at
exponential rate - and has an upward drift given by the current
mean firing rate of the system (multiplied by h).

» Moreover, it spikes randomly, at rate f(x), whenever its
current value of potential is x.

> In any invariant state, the drift term t — hE(f(U(t))) must
be constant, say = b.

» This defines - for any fixed b - a classical renewal Markov
pI’OCGSS Ub(t) (process coming back to 0 i.o. and thus being recurrent) Wlth
generator

APp(x) = —ax¢/(x) + b/ (x) + F(x)[p(0) — ¢(x)]

and unique invariant probability measure 7°.



Shape of invariant measure for fixed b
» Kac Formula implies that for any A € B(R,.),

70
7P(A) = Eq /0 14(0°(s))ds.

» Since in between successive jumps there is only the
deterministic flow that acts, this equals

/0 e~ 3 FesO)ds (15, (0))d,

¢s(0) = £(1 — e72%) solution of the deterministic flow.
> Ry 55— ps(0) € [0,b/af is a bijection. Use change of
variables x = 5(0) to obtain that 7° admits a Lebesgue
density on [0, b/a[ given by
b

x f(
gb(X)szi ’Jo b— };y ,X<b/oz./

— aX

which implies that [ f(x)g” )dx =



Remark
Any invariant measure of the true non-linear process must be
solution of the fixed-point equation

hp? = hb(F) = h/ F(x)g°(x)dx = b.

» Since £(0) = 0,b =0 and 7% = &g is always a solution which
corresponds to the silent state.
> Are there others?

» |s the all-zero state instable?



Non-trivial equilibrium states

Assumption

f(0) =0, f bounded and Lipschitz, f(u) > ku for all u € [0, u*] for
some u* > 0.

Theorem
If kh > «, then there exists at least a second equilibrium state 7"
of the system with b* > 0.



Non-trivial equilibrium states

Assumption
f(0) =0, f bounded and Lipschitz, f(u) > ku for all u € [0, u*] for
some u* > 0.

Theorem
If kh > «, then there exists at least a second equilibrium state 7"
of the system with b* > 0.

In the sequel, just for simplicity, we assume that
f(x) = kx A f,, such that f(x) = kx for all x < £, /k.

In particular, if b < 1, then f(x) = kx on the support of 7°.



Proof.

» Fix b > 0 and consider the generator of the process

APp(x) = (b — ax)¢'(x) + F(x)[p(0) — (x)] -

> o(x) = x gives APp(x) = b — ax — xf(x).

> Integrating against the invariant measure gives
0= /[b — ax — xf(x)]g?(x)dx.

> Using that f(x) < kx and that the support of 72 is [0, b/q],
such that x < b/« on the support, we obtain

xf(x) < xk x
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Proof.

» Fix b > 0 and consider the generator of the process

APp(x) = (b — ax)¢'(x) + F(x)[p(0) — (x)] -

> o(x) = x gives APp(x) = b — ax — xf(x).

> Integrating against the invariant measure gives
0= /[b — ax — xf(x)]g?(x)dx.

> Using that f(x) < kx and that the support of 72 is [0, b/q],
such that x < b/« on the support, we obtain

b
xf(x) < xk x < x k— such that
a

0>b— <a + ki) /ng(x)dx.



b
a+k£.

Proof.
> Therefore [ xm®(dx) >



Proof.
» Therefore [ xmb(dx) > ﬁ.
> If b sufficiently small, then f(x) = kx for all x € supp(7®). So
kb
o+ kg'

pb = / frP(dx) = k [ xxP(dx) > (7)



Proof.
» Therefore [ xmb(dx) > ﬁ.

> If b sufficiently small, then f(x) = kx for all x € supp(7?). So

kb

b b b

= [ f7°(dx) = k | x7°(dx) > . 7
o= [ =k [tz e
Since kh > « by assumption, this implies, if moreover

b < ozkhT_a,

hp® = hrb(f) > b.

> pP < |fllec = hpP < h[|f||sc < b for all b sufficiently large.



Proof.

» Therefore [ xmb(dx) > ﬁ.

> If b sufficiently small, then f(x) = kx for all x € supp(7?). So

pb = / frP(dx) = k/wa(dx) > - —tbkb' (7)

Since kh > « by assumption, this implies, if moreover
b < ozkhT_a,

hp® = hrb(f) > b.

> pP <||flloc => hp® < h||f||oc < b for all b sufficiently large.
Remains to show that b — p? continuous.



b — pP continuous

follows from

b/«
11):/ ! fbayydx
0

p b— ax
1/a x F(by)
— / #6_ lo 1fiydydx’
0

1—ax

(change of variables x + x/b, y — y/b). Dominated convergence.



Instability of 0 by means of an auxiliary simple Markov
process

— Goal : Lower bound for the total spiking rate of the finite system.
— We introduce an auxiliary simple Markov process Z"V such that

N
FY = F(UN (1) = NZV(t)

i=1

for all t and such that large deviation estimates for ZV are easily
obtained (associated limit process z; is deterministic).

— Construction of ZV does only depend on behavior of derivative
of f in vicinity of 0.

The true assumption that suffices is

Assumption

f'(u)u < (r/a)f(u), f(u) > ku for all u < u*.

— But in the sequel we suppose for simplicity that f(x) = kx for all
x < f,/k. And that kh > ||f|/s and N > 1.



> If t is a spiking time, then all neurons with potential below
u* = */k — h/N will have an increase kh/N of their firing
rate.



> If t is a spiking time, then all neurons with potential below
u* :=f*/k — h/N will have an increase kh/N of their firing
rate.

» Therefore,
N N kh ) N.i *
F > Fl + N (card{/ UM (t=) <u }_1) = [Iflloo-

» Since f is non-decreasing,
FN > f(u*)card{i : UN(t—) > u*}, such that
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flu*)

card{i: UN/(t—) < u*} > N —



> If t is a spiking time, then all neurons with potential below
u* :=f*/k — h/N will have an increase kh/N of their firing
rate.

» Therefore,
N N kh ) N.i *
F > Fl + N (card{/ UM (t=) <u }_1) = [Iflloo-

» Since f is non-decreasing,

FN > f(u*)card{i : UN(t—) > u*}, such that
FY
flu*)

card{i: UN/(t—) < u*} > N —

FYFRD kb (0 FRY/N 1 _Hf!!oo:.m(i'\i)
fFlu) N N NN



Definition of the PDMP ZN

ZN has generator

AZ" o(2) = —r2¢/ (2) + Nzlp(mn(2) A 2n) — 9(2)],
where

kh z 1 |fls
) L ey
TS o R 2 VIR R e

my(z) =z +

(e 1Y
av= (1102 =)A=l

Remark
Since kh > ||f||oc, we have that my(z) > 0 for all N > Ny, and
mp s non-decreasing in z.



— The definition of zy is such that

FNN < zy + Wee — FN > FN
FN /N > zy + 7”f,|\|,°° — FN > zy.

— So we may couple ZN and FV/N together s.t. they jump
together as often as possible. Since ZN < zy for all ¢, the above
implies that, whenever FV jumps alone, after the jump we still have
FN/N > ZN | provided it was true before the jump.



— The definition of zy is such that

FNN < zy + Wee — FN > FN
FN /N > zy + 7”f,|\|,°° — FN > zy.

— So we may couple ZN and FV/N together s.t. they jump
together as often as possible. Since ZN < zy for all ¢, the above
implies that, whenever FV jumps alone, after the jump we still have
FN/N > ZN | provided it was true before the jump.

— Since my 1, at any common jump time t,

zVN <my(ZY) < my(FY/N) < FY/N.



Mean field limit of ZN

» ZN jumps at rate Nz (whenever its current state is z), and

jumps are of size ~ &(1 — f(i*))+ — %

» In particular we have that, as N — oo,

N

A% p(2) = (= + xG(x))¢ (x)

which is the generator associated to a (non-stochastic) ODE
given by

V4

2= =12+ 6(2)z, 6(2) = (k{1 = 70) = Fllo)-

» G | . Thus (if kh sufficiently large) there is a unique solution
z* > 0 of G(z*) = r, and z* is globally attracting.



Mean field limit of ZN

» ZN jumps at rate Nz (whenever its current state is z), and

jumps are of size ~ &(1 — f(i*))+ — %

» In particular we have that, as N — oo,

N

A% p(2) = (= + xG(x))¢ (x)

which is the generator associated to a (non-stochastic) ODE
given by

V4

2= =12+ 6(2)z, 6(2) = (k{1 = 70) = Fllo)-

» G | . Thus (if kh sufficiently large) there is a unique solution
z* > 0 of G(z*) = r, and z* is globally attracting. This
implies the instability of 0 for the limit process and also a LDP.



The above coupling implies that, for

N
LV =inf{t: > Z"i(]t,+oo]) = 0}
i=1

and
[N = inf{t : ZN does not jump in ]t, 0] },

we have

Corollary
N
Suppose that Z < FWO A zy. Then for the synchronous coupling,

LN >[N,
— It is however easier to control

LY =inf{t: Z}N <n}

for some fixed and small 0 < n < z*.



> If ZV = x €]n, z*[, then limy ZN = z; — z* as t — oo.

> So for N large, ZV should also be attracted to z*; at least
during some long time period.

» Such results can be expressed in terms of large deviation
results - here for jump processes.

More precisely, we have

Theorem (Feng-Kurtz, LD for stoch. processes, 2006)

Suppose that ZY = x €]n, z*[. Then there exists VV < oo (cost
functional related to the fact that we force the limit ODE to go
from its equilibrium z* to n ) such that

1. Forall 5 >0, limy IP’X(e(V_‘S)N < LQ’ < e(‘7+5)’V) =1.

2. limpy % IogEXLQ’ =V.



» In particular, the last spiking time of the system is
exponentially large in N.

> We have even obtained a stronger result with Pierre
Monmarché : the metastability of the system, that is, the
fact that — suitably renormalized — exit times of neighborhoods
of the limit invariant state are exponentially distributed.



Thanks for your attention !!!
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