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o Cost
o major
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e MFG is to directly address the game obtained by letting N — oo
formally and just using the statistical description of the minors
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X at time ¢



Stochastic forward-backward system

e Verification argument starting from (V, V): values of the game

o VO(t,x0, 11): equilibrium cost to major when initial position at
time ¢ is xo and initial state of minors is u (probability measure)

o V(t, x9, X, 1): equilibrium cost to one tagged minor starting from
X at time ¢

o If (VV, V) smooth
dx? = -V,H(X?, V., V(t, X0, ) dt + o dBY
Outts — 3 Aty — dive(u V H(x, Vi V(5 XY, -, 1)) = 0
o Hamiltonians
H'(xo,p) := sup[-p - a - L°(x, )]

a€cR4

H(x,p) = sup[-p - a - L(x, )]

aeRd
o statistical state of the minors become random under noise of the
major!
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Stochastic forward-backward system

¢ Equation for the major

dx? = -v,H(x?, 20) dt + oy dB?
vy = ~(fPX7, u) + LY, =V, HO(X), 2)))) dt + o7, - dBY
X(()) = X0, Y(T)‘ = gO(XO’/’lT)

¢ Equation for the minor

Oty — 5 Aty — lex(V H( qut),ut)
d,ut(x) = (—5 Ayu(x) + H(x, Vi (x)) —ft(X?,x, ut)) dt + oov; (x) dB0
Ho = p,  ur(x) = g(X3,x, ur)
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e Connection between MFG and Characteristics

o 3! to Stochastic FB system for any initial condition (¢, xo, i) =
! Nash equilibrium

e Example: 7 < 1

o prove 3! to Stochastic FB under Cauchy-Lipschitz type
conditions for

T<c:= c(LipXO’x’#(gO,g), ...others...)

o makes it possible to define A%

e On arbitrary length 7: a priori estimates for
Lip, ., (V'(t.-.),V(t,-,~.-))  under of > I

e Combine with smoothness to get classical solution to master
equations



Program

e On arbitrary length 7: a priori estimates for

LiPxo,x,ﬂ(VO(t, ), VIt ) under 0-(2) > 1
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Assumptions

e Major in R?, minor in T¢
e Standard assumptions

Cd/2+2+---

o coefficients are , bounded derivatives in xg, x

o (strictly) convex Hamiltonians, V,, at most of linear growth in p,
other derivatives are bounded

e Monotonicity f, g
(f(xo, - pt') = fxo, -, ) " = ) 2 0
e Then, existence and uniqueness if 0'3 > C(T)
e To get C(F)
o long time behaviour of f (to get a-% > 1 indep of T)

f sup sup ]f,o(xo,u) - Fo(xo)l dr < o0
0 xp€eT9 ueP(Td)

f sup sup |fi(xo,x, 1) — F(x, )| dt < o0
0 xx€T? ueP(Td)
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o major
dx? = -7 dr + o dB?
dyy = -1} dt + o0z - dB}
Yy = ¢ (X7, pur)

o minor

Oupte ~ 5 Dspty = divy(Vitgps) = 0
dity(x) = (=3 Astty(x) + §V.u,(0)) dt + 00V (x) - dBY

ur(x) = g(X9, x, ur)
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e Bounds on u
o take higher derivatives
sup [Viudlaosis. < Clemg, F)

te[0,T]

e Bounds on +°

o for any stopping time 7

T 2
O'SEO[f Hvo(r, -)—f vo(r,x)abcH1 drlﬁo] < C(e=g,F)
T Td
o BMO estimates
T 2
Eo[exp(ycr(z)f “vo(r, - ﬁd vO(r,x) dx”1 dr)lﬁo] < C(e=s, F)
T

for some y = y(e=g, F) > 0
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A priori Bounds II

e Bounds on 7

o BMO estimates
T
Elexp(voo [ 120 )17 < Coem. )
T

for some vy = yo(e=,F) > 0
e Application
o density on (Q°, P")

1 1 1
& = exp(f 0'(_)12? -dB? - 3 f 0'62|Z§)|2 ds), te[0,7T],
0 0

o bound
E[EEN )™ IF] < Co
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Girsanov transformation

e New probability measure PV := &7 - P°

o tilted Brownian motion
!
70 ._ po -1 0
BY := BY - o fozsds

o New Stochastic FB system

o major
dx? = o dB)
ayy = Yz dt + oz - dBY
Yy = " (X9, ur)

o minor

Onpte —~ §Dupty = dive(Vitps) = 0
dats(x) = (=3 A, (x) + FV.u, )P + Z) () dr + oV (x) - dB)

MT(X) = g(XT’ X, l'lT)



Girsanov transformation

e New Stochastic FB system

o major
dx? = g dBY
avy = YzP 2 dt + ooz - dBY
Y = ¢%(X7, ur)

o minor

Oty — 501ty — diVx(quz,Ut) =0
d,ut(x) = (—EAxut(x) + %|qut(x)|2 + Z,0 . v?(x)) dr + aov?(x) . dE?
ur(x) = g(X7, x, ur)

o Still have a priori bounds!

0

~ T
E exp(?a(z) f
.

W, - f W(r, x) dx”j dr)wc?] < Cle, F)
Td



Flow in the weak formulation

e Take two initial conditions (xo, to) and (x(, 1))
o goal is to address
Yo-Y, and uo—uj
o same
Vo(0, x0, t10) = Vo(0, x0, 1) and  V(0, xo, -, o) = V(0, xg, *, 1)

o Markov structure = licit to make this on the weak formulation
with the same Brownian motion for all the initial conditions
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Flow in the weak formulation

e Take two initial conditions (xo, (o) and (x(, 1))
o Write 6X0 = X — X0, 6Y0 = v —Y? ...
o difference of the majors
dsx? =0,
ZO

z>
dsy? = T <670 dt + 50627 -
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Flow in the weak formulation

e Take two initial conditions (xo, io) and (x, /16)

o Write 6X0 = X — X0, 6Y0 = v —Y? ...

o difference of the minors

+ 7’
Mt Zﬂt) -0

) U+ ul )
8,61 — LA Sp, — dlvx(Vx%&t,) = divy( V.0,

uy(x) + uy(x)
2

0 + 0,7
o0 + 620 LDV _ *)

diu,(x) = (~3Asou,(x) + Y, - V61t (x)

z) +2,”
+

> )dr + 06v)(x) - dBY



Flow in the weak formulation

o Write 6X0 = X — X0, 6Y0 = v —Y? ...

o difference of the majors

dox? =

0
dsy? = Z

o difference of the minors

010p; —

diu,(x) = (~3Asou,(x) + Y,

70 +

z”
+ 50 (x) + 62

2

u (x) + u;(x)

520 dt + 0967 - dB?

2

0 Vi O(x) + v "(x)

2

+ ’ + 7’
LAy = divy(Ve 2 o) = divy(Viou "= H1) = 0

2

- V,ou,(x)

)dt + o-oév?(x)

-dB?



6. Linearized system



Tilted linearized system

e Under new probability measure P’

o difference of the majors
dsx’ =0
dsY? = 0¢6Z° - dB?
6Y7 = (X pr) = (X" k7

o difference of the minors

. U+ U, . U + U
00U — %Axéut - dlvx(Vx%du,) - dlvx(Vx(Sut ! 5 ’) =0

uy(x) + uy(x)

didu,(x) = (-3 A (x) + V., -V 6u,(x)

0,7
iz B

Sur(x) = g(Xo, x, 1) — g(X%, x, ur)

)dr + 006v)(x) - dBY



Key functional - 1
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+ dmart,

o intuitively, needs the df term in RHS to be > 0
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+ dmart,

o intuitively, needs the df term in RHS to be > 0

e Need penalization to kill bad term
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Key functional - 1

e Need penalization to kill bad term

2 T 0 0, 0 0,7
=0 09 v, + v, Vi (12 0
=E (—— |’—— d)ff- ], tel0, T
é [eXp A j; 2 ’Td > Il 9r)1% (0,71




Key functional - 1

e Need penalization to kill bad term

—0 0'(2) T+ T 0 40
e; = B |exp|—— | L=
a ) 1T 2

o !lprevious BMO estimates!! (still correct after changes of
measures)

2
1 dr)l?—”to], re[0,T]

1 <1l= e,‘l < C(o=, F)



Key functional - 11

e Replace previous functional by

2w+,
T2 )dr)]

V.ou,

!
Afor6¥9P G509 + ene(Jomol?, + | (
0

e = ' ll=1 = Wy (u,u’)



Key functional - 11

e Replace previous functional by

2 p+ . #é) dr)]

e8I — @, 0u) + e IowolR, + f (Iv.

et = 111 = W, 1)

e Expansion

r

, :ur . /“lr) dr)]

0 0,
Uy + W4y
[sla'olézol + (Vb BEEE (0,670 0

dt[snaY?F—<6ut,6ut>+szet(||6uo||%1+ f (Iv.
0

2 2
> 0
o D P g, + [ (] 22y o)
+sze,( Vxéut| ,ﬂt 3 t)] dr + dmart,
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e Expansion
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2 0 0,7
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Key functional - 11

e Expansion

2 pr+p
&1 9YSP = G, 5u) + e opoll? + f (Iv. )
’ 0,/
U + W+ o
> |Ser0310Z0 + (V.o 2 ) - Lo | A
810‘
2 0 0,/
o 0+ 2+ gy
+82Trc|T|| (1002, + f (v ) ar)

/Jt I

+ 826[

)] dr + dmart,



Key functional - 11

e Expansion

r + r
ae115Y2P — g, 600 + eIl + f (v.ou b ar)|

2

r

He + g
> [éslaéwzﬂz T (Vadul?, me)

2 /
+(sf%—$) W [ (15kol?, f( wf P ar)
0
+ sze,( Vxéut’z, Hit )] dt + dmart;
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Key functional - 11

e Expansion

anu,,|2, Hr ;“ ;) dr)]

A
oY G 50) + ene(Jomol?, + | (
0

/J[+'U;)
2

!
(2, + [ (

2w+
Vx6”t| ’ Hi : Hy

> [810'(2)I5Z?|2 + (V.00

0 0,/
”vt + v,

2 pr
2 2 )dr)

B

V.ou,

+ &6 dr + dmart,
( )|
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e Expansion

-+
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o monotonicity = —(Sur, dur) < C(|x6 — xo|* + ||5,U0||%1) + %RHS

o Lipschitz = &|6Y7|* < Cellourl®, <~
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Thank you!



