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Outline

> Stochastic Control and Pontryagin's Maximum Principle.
P> Methods of successive approximation.
> Optimisation on Z(RY).

» Convergence of Gradient Descent for regularised stochastic control problem.
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Stochastic Control
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Stochastic Control

For the initial state x € R? and the admissible control 7 € ¢/ controlled dynamics
dXs(7) = bs(Xs(7), 7s) ds + 05 (Xs(7), 7s) dWs, s € [0, T], Xo(7) = x.

Objective: ;
J¥(n):=E UO [fs(Xs(7),ms) + T h(7s)] ds—i—g(XT(n:))}

where h: Z(RP) — RU{eo} is a convex function and

A = {n’ :Q— A(E) : me € P(RP), my is F-measurable Vt € [0, T],

and 7(da, dt) = m;(a) dadt for a.a. t €0, T]}
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where h: Z(RP) — RU{eo} is a convex function and

A = {TL’ :Q— A(E) : me € P(RP), my is F-measurable Vt € [0, T],

and 7(da, dt) = m;(a) dadt for a.a. t €0, T]}

Aim: minimise J over o/ (open loop controls)

Example 1 (Relaxed Control)

bt(x,fr):/l_nt(x,a)n(da), and ct(x,n)(ct(x,ﬂ))T:/6t(x,a)6t(x,a)T7r(da)
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Pontryagin's Maximum Principle
Define Hamiltonian

HE(x,y,2,m) := by(x,m) -y +tr(0; (x,m)z) + fe(x,m) + T h(m).
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HE(x,y,2,m) := by(x,m) -y +tr(0; (x,m)z) + fe(x,m) + T h(m).

For any 7,7’ € o/ we have that
y b

%Jf(ﬂ—i-s(n/ — 1)), = IE/(;T {/ 55','5 (Xs(7), Ye(1), Zs(n), 7s, a) (%, — 1) () da | ds.

Necessary condition: Let n* € o/ be an (locally) optimal control and
(X(m*), Y (m*),Z(7*) be the associated forward-backward system

dXs(7*) = bs(Xs(7*), 7)) ds + 05 (Xs ("), w7 ) dWs , Xo(7*) = x.
dYs(m*) = —(DxHO)(Xs ("), Y ("), Zs (), 7)) ds + Zs (m*) dWs
Y7(n*) = (Dxg)(X1(7")), -

then

7y € argmin Hf (Xe(7*), Ye(7*), Ze(7*), @), t€[0,T], pointwise optimisation!
nesl
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Define Hamiltonian

HE(x,y,2,m) := by(x,m) -y +tr(0; (x,m)z) + fe(x,m) + T h(m).

For any 7,7’ € o/ we have that

T . @
%Jr(ms(nun))L:O:E/o {/ ‘;’:: (Xs(7), Ys (), Zo(n), 75, a)(7. — 75)(a) da| ds.

Necessary condition: Let n* € o/ be an (locally) optimal control and
(X(m*), Y (m*),Z(7*) be the associated forward-backward system

dXs(7*) = bs(Xs(7*), 7)) ds + 05 (Xs ("), w7 ) dWs , Xo(7*) = x.
dYs(m*) = —(DxHO)(Xs ("), Y ("), Zs (), 7)) ds + Zs (m*) dWs
Y7(n*) = (Dxg)(X1(7")), -

then

7y € argmin Hf (Xe(7*), Ye(7*), Ze(7*), @), t€[0,T], pointwise optimisation!
nesl

Sufficient condition: If g is convex and H® is convex in (x,m) and 7* and
(X(m*), Y (m*),Z(7*)) are as above then J*(7*) = inf e J°(T)
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Solving Stochastic Control

» DPP and HJB equation

> Solve nonlinear PDE or corresponding (2)BSDE
> ’Linearise’ with policy or value iteration and solve linear PDE
[Kerimkulov et al., 2020, Gobet and Labart, 2010]
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Solving Stochastic Control

» DPP and HJB equation

> Solve nonlinear PDE or corresponding (2)BSDE
> ’Linearise’ with policy or value iteration and solve linear PDE
[Kerimkulov et al., 2020, Gobet and Labart, 2010]

» Maximum principle
» Solve the corresponding (non-Markov) FBSDE

> ’Linearise’ with policy and solve a sequence of decoupled FBSDEs:
Modified Successive Approximation (MSA) [Kerimkulov et al., 2021]

Other works on MSA

» [Krylov and Chernousko, 1963]: divergent without regularisation, convergence for
controlled ODEs, rate in special cases

> [Li et al., 2018]: connection to training of deep recurrent neural nets

> [Reisinger et al., 2021]: MSA-like algorithm but BSDE solved via PDE-based
method giving Markov controls
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MSA |: Bregman Proximal Descent

Initialization: a guess 70 = (7 )se[o 7] and fix 2 > 0.
7"t and JO(n") is large do
se [0,7] solve the following forward SDE, then solve

X (), Ys(1), Zs(r)) for s € [0, T]:

AA

while difference between J°
Given a control n" = (7]
backward SDE ©4(7) :=

Av

dXs(m") = bs(Xs(n"), 77 ds + 05(Xs(n"), #) dW;, Xo(") = x,
dYs(n") = —(DxHP)(Os(n"). 77) ds + Zs(z") dWs ., Y7 (n") = (Dxg)(X7(x")).

Update the control Vs € [0, T] as

it carg min  HI(O4(n"),7) + ADp(x|7l),

re P (RP)

end while
return 7"l
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MSA [I: Mirror Descent

Initialization: a guess 7° = (72 )sefo,7] and fix A > 0.
while difference between JO(7"*1) and JO(xn") is large do
Given a control " = (7)sc[o, 1] solve the following forward SDE, then solve
backward SDE ©4(7) := (Xs(n:) Ys(m), Zs(m)) for s € [0, T]:
dXs(n") = bs(Xs(n"), 7]') ds + 05 (Xs(7"), 75) dWs , Xo(72") = x,
dYs(n") = —(DxH2)(Os(7"), ) ds+ Zs(x") dWs, Y7(7") = (Dxg)(XT(x")).

Update the control Vs € [0, T] as

: " S HY
7’ €arg min -
rep(RP)) Om

(©s(n"), ., a)(m—nl)(da)+ A Dp(7|xnl).

end while
return 7"t1.
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Optimisation on Z(Z")
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Preliminaries

Let h: Z(Z) — R. Assume that h € €* (i.e differentiable in a sense of linear
functional derivative). We say that u +— h(u) is convex if for all p,u’' € &2

)~ )~ [ 520y~ )(ey) 2 0.
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Preliminaries

Let h: Z(Z) — R. Assume that h € €* (i.e differentiable in a sense of linear
functional derivative). We say that u +— h(u) is convex if for all p,u’' € &2

oh
h(') = h(k) = [ 52 (. y) ('~ )(y) 0.
Let h € €' be convex. For all u,u’ € & define h-Bregman divergence to be

Dy(1's) = (')~ 30)~ [ 31 (o)~ ) ().
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Properties of h-Bregman Divergence

P.1. Dp(p,p') >0 for all u,pu’ € 2(2°). When h is strictly convex
Dp(p,p') =0 = u' = p.
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Sh

6Dy, __6h
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Properties of h-Bregman Divergence

P.1.

P2

2ASH

Dp(u,u') >0 for all u,u’ € Z(Z°). When h is strictly convex
Dp(p,n')=0 = p'=p.
For any p/ € (%) we have that p— Dp(u,p’) and

Sh

6Dy, __6h
W(#»Vd’) = @(Hv)’) - ﬁ(v;}/)-

h convex (strictly convex, strongly convex) = u +— Dp(1, V) convex (strictly
convex, strongly convex)
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Properties of h-Bregman Divergence

P.1.

P2

PR3

P.4.

Dp(u,u') >0 for all u,u’ € Z(Z°). When h is strictly convex
Dp(p,u')=0 = p'=p.
For any p/ € (%) we have that p— Dp(u,p’) and

Sh

6Dy, __6h
W(#»Vd’) = @(Hv)’) - ﬁ(v;}/)-

h convex (strictly convex, strongly convex) = u +— Dp(1, V) convex (strictly

convex, strongly convex)
Let h,g € €* be convex and @, € Z. Then

Dah+[3g(‘u7v) = (XDh(H.,V) +ﬁDg(li7V)
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Setup

Let F: #(2) — R. Consider the following optimisation problem
inF
min F (1)

under the assumption that F is lower bounded i.e. miny F(u) > —co.
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Setup
Let F: #(2) — R. Consider the following optimisation problem
inF
min F (1)

under the assumption that F is lower bounded i.e. miny F(u) > —co.

We say that function F is L-relatively smooth with respect to h if

Dr (. 1') = F(1) — F(u') %’jmcnwwdm < LDy(u.i).

We say that function F is /-strongly convex relative to h if

De (') = F() ~ ()~ [ 50 (' y) = )(e) = 1Dy ).

» [Aubin-Frankowski et al., ]: mirror descent of measure space with relative
smoothness and convexity

> [Lu et al., 2018]: mirror descent of RY with relative smoothness and convexity
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Mirror Descent

Mirror Descent is defined as
n+1 H oF n n n
e € argming [ (47, y) 4t~ B)(ey) + LDA(H.") |

When h is strictly convex, then the minimiser is unique.
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Mirror Descent

Mirror Descent is defined as
n+1 H oF n n n
e € argming [ (47, y) 4t~ B)(ey) + LDA(H.") |

When h is strictly convex, then the minimiser is unique.

Remark: One can replace L with any 4 > L.
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Towards gradient flow - a digression
The first-order condition yields that

6F 6Dy
@(M"J)-&-L 7
Hence the flow is (implicitly) defined us

Sh n+1 Sh n _71 Si n
E(ﬂ 7}’)*5(# y) = i <5,U(u ,¥) + constant

n+1

(U, u" y) = constant.
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Towards gradient flow - a digression
The first-order condition yields that

5 1130
Hence the flow is (implicitly) defined us
oh oh 1 /6F
o S =1 <a(u",y)+constant>
Formally passing to the limit L — oo gives (up to a constant)

O ey =~ o ()
dt o He,y) = B He, Y ).

n+1 1" y) = constant.

(u

(W)

14/30



Towards gradient flow - a digression
The first-order condition yields that
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Hence the flow is (implicitly) defined us
oh oh 1 /6F
o S =1 <E(u",y)+constant>
Formally passing to the limit L — oo gives (up to a constant)

O ey =~ o ()
dt o He,y) = B He, Y ).

n+1 1" y) = constant.

(m

(W)

Taking h(u) = [logu(x)u(dx), formally Dp(u,v) = KL(u,V), the flow becomes

d oF
Ebg#t()’) = —a(ﬂtv}’)
or equivalently
d OF
)= f@(ut,y)ut(y),

which is a birth-death (or Fisher-Rao) gradient flow.
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5 1130
Hence the flow is (implicitly) defined us
oh oh 1 /6F
o S =1 <E(u",y)+constant>
Formally passing to the limit L — oo gives (up to a constant)

O ey =~ o ()
dt o He,y) = B He, Y ).

n+1 1" y) = constant.

(m

(W)

Taking h(u) = [logu(x)u(dx), formally Dp(u,v) = KL(u,V), the flow becomes

d oF
Ebg#t()’) = —a(ﬂtv}’)
or equivalently
d OF
)= f@(ut,y)ut(y),

which is a birth-death (or Fisher-Rao) gradient flow.

» [Liu et al., 2023]: established exponential convergence via Polyak-tojasiewicz

condition
» [Liero et al., 2022], [Chizat et al., 2018]: General Theory
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Proximal Bregman Lemma

Lemma 2 (Three point lemma / Bregman proximal inequality)
Let G : 2 — R be convex. Define, for all u € &

V= arg‘r/nin{G(v)Jr Dp(v, 1)} .

G(v)+ Dh(V,1) = G(V) + Dy(¥, 1) + Dp(v. 7).
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Proximal Bregman Lemma

Lemma 2 (Three point lemma / Bregman proximal inequality)
Let G : 2 — R be convex. Define, for all u € &

s eGSR G

G(v)+ Dh(V,1) = G(V) + Dy(¥, 1) + Dp(v. 7).

Consider a convex function
v Gt = [ SEWn - ) a).
Lemma 2 with g =" and v = u"*! (due definition of (u"),), for any v
Di(v,u™*t) = Dp(v,u")
1 oF
< ([ 5= e) ~ [ S = 7)) ) = Dp(um ).
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Lemma 3 (Energy dissipation)

Let F € €1 be L-relatively smooth with respect to h. Then

F(u"t) < F(u") and lim Dy(u™*,u") =0.

Proof. From L-relatively smoothness and the definition of (1"),, for any u € &
6F
F(u™) < F(u)+ /@(u”:y)(u"“ — 1) (dy) + L Dp(u" ")

< F(u")+/ %(#"J)(H —u")(dy) + LDp(u,1").

Taking u = 1" completes the proof of F(u") "\, .
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Let F € €1 be L-relatively smooth with respect to h. Then

F(u"t) < F(u") and lim Dy(u™*,u") =0.

Proof. From L-relatively smoothness and the definition of (1"),, for any u € &
SF
FQum) < F(u')+ [ 50 (07 y) (" = ") () + LDy ")
n ' 5F n n n
< P+ [ S (7)ot~ 1) (ey) LD o 17).
Taking u = 1" completes the proof of F(i") \, . Using L—smoothness and Proximal Lemma
8F
FQu™) < Fu) + [ 0 (1) ("™ = ") () + LDy(u" ")
n oF n n n n+1
< FQ)+ [ 5 (7)) (v = 7))+ LDA(v. ") — LDy(v, ™).

ake v=Uu" so
1
Dh( n+1_’ n)< L('_—( n) p( n+1))'
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Lemma 3 (Energy dissipation)

Let F € €1 be L-relatively smooth with respect to h. Then

F(u"t) < F(u™) and lim Dy(u™,u") =0

Proof. From L-relatively smoothness and the definition of (1"),, for any u € &
SF
FQum) < F(u')+ [ 50 (07 y) (" = ") () + LDy ")
n ' 5F n n n
< P+ [ S (7)ot~ 1) (ey) LD o 17).
Taking u = 1" completes the proof of F(i") \, . Using L—smoothness and Proximal Lemma
8F
FQu™) < Fu) + [ 0 (1) ("™ = ") () + LDy(u" ")
n oF n n n n+1
< FQ)+ [ 5 (7)) (v = 7))+ LDA(v. ") — LDy(v, ™).

Take v=pu" so
1
Dy(u"+ 0" < 7 (F(u") = F(u"™)) .
Since F(u"t1) < F(u")

3 0ur ) < 7 (Fu) = Fum) < 7 (F0)=minF(w).
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Theorem 4
Let F € €* be L-relatively smooth with respect to h. If u— F(u) is convex, then

L
F(;L”)—F([.L*)g;Dh(u*,uo) where u* € argmin F(u).
u

If F is |-strongly convex relative to h then

* n * * 7In
F(u")— F(u*) < Dp(u", 1) < LDR(u® u*)e 17,
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F(;L”)—F([.L*)g%Dh(u*,uo) where u* € argmin F(u).
u

If F is |-strongly convex relative to h then

* n * * 7In
F(u")— F(u*) < Dp(u", 1) < LDR(u® u*)e 17,

Proof. Proximal lemma and L—smoothness implies

Dy (v, 1) — Dy(v, ")

1 186F, , ; 1 6F
<1/ s [ 5

= %./Ziz(u”’y)(vfﬂ")(d}’)-F % (F(u") — F(u"1)) .

(1", y) ("t —u")(dy) — Dp(u"t, 1)
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Theorem 4
Let F € €* be L-relatively smooth with respect to h. If u— F(u) is convex, then

L
F(;L”)—F([.L*)g;Dh(u*,uo) where u* € argmin F(u).
u

If F is |-strongly convex relative to h then

* n * * 7In
F(u")— F(u*) < Dp(u", 1) < LDR(u® u*)e 17,

Proof. Proximal lemma and L—smoothness implies

D (v, ™) = Dy(v, ")

<1 [ SEWI @) - ] [ G )W ) e) ~ Db )

- L/gu(ﬂ y)(v—u")(dy) + 1( F(u")— F(u"™)) .
When F is convex
Dp(v,u" 1) — Dp(v,u") < %(F(v)7F(“n)+F(“")*F(M”“)) '

Since F(u™), is decreasing

m—1

m(F(u") ~F() < ¥ (F(u")~ F(v)) < LDy(v. 1) ~ LDy(v.u"),

n=0
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Proof cont.

If in addition F is /-strongly convex relative to h i.e
[ 5 "0 =) < FW) = F) = 1Dy(v."):

then
Dy(v, ") = Dy(v, ") < T (F(v) = F(u")) = 1 Dy(v, %),

Since F(u*)— F(u™) <0 conclusion follows from discrete Gronwall's lemma and the
fact that when F is L-smooth relative to h we have

Fu) = F(1) < [ 508000 ) (@) + LDy(u" )

= LDp(u", 1)
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Bregman proximal descent

pmtte argﬁnin{F(u)Jr LDy (p, ")} -

LObserved by Pierre-Cyril Aubin-Frankowski
19 /30



Bregman proximal descent

p"t € argmin {F (1) + LDp(p, u")} -
I
First order condition yileds

oh

Sh 1 /0F
5“ (I'L"+17y) - E(I’Ln7y) = _Z (E(H’H»l,y)‘f' constant)

1Observed by Pierre-Cyril Aubin-Frankowski
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Bregman proximal descent

p"t € argmin {F (1) + LDp(p, u")} -
I
First order condition yileds

1

Sh OF
(u"™y)— w(#"d’) =7 (ﬁ(unﬂ,y)—i— constant)

8h
S

Let g(u) = 1 F(u)+h(p) (so that Lh=Lg—F ) for all u € 2(Z’). Note that by
linearity of h— Dp(u,v)
F(u) +LDy(p,n") = F() = Dp (1, ") + L Dg (p. 1)

= F)+ [ 5 (W)= 1)) + LD ().

Proximal descent with h-Bregman divergence is equivalent to mirror descent with
g-Bregman divergence!!

1Observed by Pierre-Cyril Aubin-Frankowski
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Bregman proximal descent

Need to check that relative smoothness and convexity assumption hold with
g-Bregman divergence.
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Bregman proximal descent

Need to check that relative smoothness and convexity assumption hold with
g-Bregman divergence.

L-smoothness relative to g: Since Dp(u,u’) >0

Dr(u,u") = LDg(p,p") = LDp(p, 1) < LDg(pt, ")
%—convexity relative to g: We know that

Dr (1, 1) > IDy(pt, 1) = I(Dg (1, 1) — %Dp(u,u’))

Hence

LI
Dr(p, ') = 7 De(u, 1)
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Bregman proximal descent

Need to check that relative smoothness and convexity assumption hold with
g-Bregman divergence.

L-smoothness relative to g: Since Dp(u,u’) >0

Dp(p,p') = LDg(p, ') — LDp(p, 1') < LDg (11, 1)
%—convexity relative to g: We know that

D (1) > 1D (31, ') = (Dg (g, 1) ~ 1 Dr (1t ).

Hence
Wu), Auu)

Bregman proximal does not require smoothness assumption to converge (due the
scheme being implicit) at the cost of harder optimisation problem

20/30



Convergence Analysis
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Key Challenges

dXs(7) = bs(Xs(7), 7s) ds + 05(Xs(7), ms) dWs, s € [0, T], Xo(7) = x.

=
J¥(n):=E {/0 [£(Xs(m), 7s) + T h(7s)] ds + g (X7 (7))

Objective: Prove the convergence of the MSA |l with

OHI
n+1 R s n n _zn n
b eargn;};'(%p)/ 5 (Os(x").70,a)(m —77)(da) + A Dy(x|77) .
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» Relative smoothness of 7+ J*(7)
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Key Challenges

dXs(7) = bs(Xs(7), 7s) ds + 05 (Xs(7), ms) dWs, s € [0, T], Xo(w) =

=
J¥(n):=E {/0 [£(Xs(m), 7s) + T h(7s)] ds + g (X7 (7))

Objective: Prove the convergence of the MSA |l with

" carg min / Hs (©4(x"), 77, 3) (% — x7)(da) + A Dy (m|77).

neP(RP)

ém
we need
> Relative smoothness of 7+ J*(7) - these are obtained by utilising the theory of

Bounded Mean Oscillation (BMO) martingales required for estimates on the
adjoint Backward Stochastic Differential Equation (BSDE).
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Key Challenges

dXs(7) = bs(Xs(7), 7s) ds + 05(Xs(7), ms) dWs, s € [0, T], Xo(7) = x.

=
J¥(n):=E {/0 [£(Xs(m), 7s) + T h(7s)] ds + g (X7 (7))

Objective: Prove the convergence of the MSA |l with

wtcarg min | S ©utan) 27, a)(m— w2 (da) + A Dy(al).

we need
> Relative smoothness of 7w+ J*(7) - these are obtained by utilising the theory of

Bounded Mean Oscillation (BMO) martingales required for estimates on the
adjoint Backward Stochastic Differential Equation (BSDE).

» Convexity (to obtain linear convergence) or relative convexity (to obtain
exponential convergence) of w— J*(7)
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Key Challenges

dXs(7) = bs(Xs(7), 7s) ds + 05(Xs(7), ms) dWs, s € [0, T], Xo(7) = x.

=
J¥(n):=E {/0 [£(Xs(m), 7s) + T h(7s)] ds + g (X7 (7))

Objective: Prove the convergence of the MSA |l with

wtcarg min | S ©utan) 27, a)(m— w2 (da) + A Dy(al).

we need
> Relative smoothness of 7w+ J*(7) - these are obtained by utilising the theory of

Bounded Mean Oscillation (BMO) martingales required for estimates on the
adjoint Backward Stochastic Differential Equation (BSDE).

» Convexity (to obtain linear convergence) or relative convexity (to obtain
exponential convergence) of w+— J%(m) - but @+ J*(7) is not convex...
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Assumption 1 (Assumptions on b and o)

The functions b and & are jointly continuous in t and €.
Moreover, ¥x,x' € RY,Ym,m' € 2(RP),Vt € [0, T], ®: = (b, 0¢)

[(Dx®e)(x,m)] < K
|+ (x,m) — & (x,m")|? < K Dy(m|m’)
[(Dx®¢)(x, m) = (Dx®e) (x', m') 2 < K|X*X/|2+KDh(m\m/)w

[/ (052 ) xoman el +| [ 52 om0 < KOl

2
‘// C B (x,m, . ) (1 — ') (0 ) (1 — ') (da)| < KDy(uli'), and %(X‘m.‘a.a’):o.
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Assumption 2 (Assumptions on f and g)

The function f is jointly continuous in t, f and g are in €*. Moreover, there is a constant K > 0
such that Vx,x' € RY,Ym, m' € 2,(RP),Va € RP,Vt € [0,

(D) ()| +1(Dx ) (x m)| < K
(D) m) — (Do F) (' )2 < Klx— x4 K Dy},
(D)) — (D.8) ()] < K|x— |

/(P30 ) xomatu - u)(da)2+'|/‘%(X,ma)(u7u’)(da)25KDh(u|u')

\/_/g e (o my 2, (1 — ) () (1 — ') ()| < KD (uir),
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Relative Smoothness

Lemma 5

Let ©5(m) := (Xs(7), Ys(7), Zs(7)) for s € [0, T]. For any admissible controls w,n' € &
there exists a constant C > 0 such that

(Y- I (x) g]E/OT {/ ‘;HT

n: O(m), s, a) (%, — m5)(a) da| ds

ST
+C]E/ Dy(7.|75) ds.
JO
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Relative Smoothness

Lemma 5

Let ©5(m) := (Xs(7), Ys(7), Zs(7)) for s € [0, T]. For any admissible controls w,n' € &
there exists a constant C > 0 such that

JE(a') — JF(m) <]E/ { (©4(n), 75,a)(. — 5)(a) da| ds

+C]E/ Dy(.|75) ds
JO

Note that
OH?

J () <J7(z") +IE/ { = (0("), 27, a)(x ™! —77)(a) da| ds

n CIE/ Dy(n0+ |27 ds
0

and by definition of the update for any 7 € &

SHZ
om

> (9s(n"). 7f,a)(nl "t — nl)(a) da+ A Dy(af*|nf) <O

PLYEY)



Convexity

Assumption 3 (Assumptions on convexity)

the map x +— g(x) is convex

the map (x,m) — H?(x,y,z,m) is convex for all (t,y,z), in the sense that for all
x,x' €R? and all m,m’' € Z(RP) it holds that

HO(x,y,z.m') — H(x, .2, m)

SH?

_(DXH?)(va:Z'm)(X_X/)_ Sm

(x,y,z,m,a)(m—m’')(da) > 0.
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Convexity

Assumption 3 (Assumptions on convexity)

the map x +— g(x) is convex

the map (x,m) +— H%(x,y,z,m) is convex for all (t,y,z), in the sense that for all
x,x' €R? and all m,m’' € Z(RP) it holds that

HO(x,y,z.m') — H(x, .2, m)

0
—(DXH?)(X,y;z.m)(x—x')—/ 66’;/; (x,y,z,m,a)(m—m")(da) > 0.

Theorem 6
For any m,7' € o/

SH?

ST o T
S-S @) -E [ [ 5E(@u(w), 7, a)(m ) (da)ds > <E [ [Dy(aln)] ds.
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Convergence of the MSA

Theorem 7
Let {n"},>0 be the sequence given by the MSA Il. Then,
when T > 0:

z T
J(")— S (n*) < Ae E"E /0 Dy(m:|70) ds.

.
Py - SO(n*) < %E/O Dy(70) ds.
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Bergman Proximal Descent aka MSA |
For MSA | the update is:

mtle ats, ol FEEa e AR b,
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Bergman Proximal Descent aka MSA |
For MSA | the update is:

n* carg min | HI(O.(n").%) + ADy(xln).

Lemma 8

Let ©4(7) := (Xs(7), Ys(7),Zs(7)) for s € [0, T]. For any admissible controls m,n' € o/
there exists a constant C > 0 such that

J(n) - Jf(n)<E/ [HF(©s(n), 7) — HY(©s(7), )] ds

i CE/ Dy(7.|7s) ds
JO
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Bergman Proximal Descent aka MSA |
For MSA | the update is:

n* carg min | HI(O.(n").%) + ADy(xln).

Lemma 8
Let ©4(7) := (Xs(7), Ys(7),Zs(7)) for s € [0, T]. For any admissible controls m,n' € o/
there exists a constant C > 0 such that

J(') — Jf(n)<E/ [HZ(©4(1),7.) — HE (Os(n), )] ds

i CE/ Dy(7.|7s) ds
JO

Note that
T T

S (@) < S (@) E [ [HE(Os(a"), 77+~ HE(©(x"). w0)]| ds+ CE [ - Dy(af[x7) ds
0 0

and
HE(Os(n"), a1t — HE (©5(7"),7")) + ADp(7"|7]) < 0
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Bergman Proximal Descent aka MSA |
For MSA | the update is:

n* carg min | HI(O.(n").%) + ADy(xln).

Lemma 8
Let ©4(7) := (Xs(7), Ys(7),Zs(7)) for s € [0, T]. For any admissible controls m,n' € o/
there exists a constant C > 0 such that

J(') — Jf(n)<E/ [HZ(©4(1),7.) — HE (Os(n), )] ds

i CE/ Dy(7.|7s) ds
JO

Note that
T T

S (@) < S (@) E [ [HE(Os(a"), 77+~ HE(©(x"). w0)]| ds+ CE [ - Dy(af[x7) ds
0 0

and
HI(©5(n"), ™! — HI(©5(n"),7")) + ADy(n"**|n7) < 0
Convergence rates can be established as shown above.
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Outlook

» Extension to cover policies of the feedback form: need regularity of controls

» Continuous time gradient flow: need existence&uniqueness of the flow ( clear in
KL setting, less clear for general D)

» Extension to games: Best Response and Fictitious play

» Study regret for gradient/descent flows based learning algorithms.

3+1 years Research positions available in London/Oxford/Edinburgh
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