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Preliminaries

v

(Q, F,F,P): a filtered probability space.
HI%’": the space of all R"-valued, F-progressively measurable
processes 7 on [0, T] such that EfOT In(t)>dt < +o0.

v

v

Sﬁ:": the set of all continuous processes 7 € H?F’" such that
E [supeeo, In(£)?] < +oo.
(E, d) separable complete metric space, B(E) Borel o-field.

v

v

P2(E) the space of probability measures with finite second
moments, endowed with the 2-Wasserstein distance

1

Wa(yu, ) :inf{ ([ x-yPrtaxan)

m € P»(E x E) with marginals p and ,u/} .

Note: (P2(E), Wa) is a complete metric space.



Problem Formulation

> state dynamic:

dxy =F(t, x¢, ve, L(Xe, vi))dt + o (t, Xz, Ve, L(X¢, vi))d W
+ & (t, xe, v, L(x¢, ve))d WY,
—dyr =g(t, Xt, Y, Zt, Zty Ve, L(Xt, Vi, 2ty Zt, Vi) )dt — zed Wy — Z,d Yy,
x(0) =x0, y(T)=®(xr, L(x7)), "

where (W(-), Y(+)) is standard R™ x R? valued Brownian motion.

> observation process:

()

dYt :h(t7 Xty Vi, L(Xt, Vt))dt + thV7
Yo =0,

> Note: state dynamic can not be observed directly but only by Y.

» U,q: admissible control set (FY-progressively measurable processes
v(-) taking values in a closed-convex set U € R¥ such that
4
SuP¢cpo, 7 E [Ive]*] < +o00.)



Problem Formulation

By inserting observation process (2) into state dynamic (1), we get

dxe =[f(t, xe, ve, L(Xe, ve)) — G(t, Xe, Ve, L(xe, ve))h(t, Xe, v, L(Xe, vt))] dit
+ o (t, xe, ve, L(xe, ve))AWe + G (t, Xe, Ve, L(Xe, ve))d Y,
—dy: =g(t, Xe, Ve, Zey Zty Ve, L(Xey Ve, Zey Ze, v ) )dE — zed W — Z:d Y,
x(0) =x0, y(T)= ®(x7,L(x7))-

Remark
Under suitable assumptions, equation (3) has a unique strong solution

(x(4), ¥ (), z(+), 2(+)) for each given v(-) € Uag.
Moreover, one can show that E [sup,c(o 1) |Xt|p] < 400,

E[sup,cpo, 1y 1yel? fo |ze[2dt)P/? + fo |Z:|2dt)P/?] < +oo, for2 < p < 4.
Finally, E [supte[o’ﬂ(\pt\ + |pe|~ p] < +o0, forany p > 1.



Problem Formulation

For each v(-) € Usqy, if we define stochastic process p(-):

{ dpt :pth(tv Xty Vt, »C(Xtu Vt))dyt)

4
po =1, )
and define a probability measure P¥ s.t. dP¥ = p7dP, then
(Qa F,F,PY, X(')aY(')? Z(')a 2(')a Y()7 W()v WV()) is a weak
solution of system (1)-(2), according to Girsanov's theorem.
» cost functional
;
J(V()) :EV |:/ I(t7 Pt Xf,yhzhzt: Vt, E(Xty_ytyztz zh Vt))dt
0 (5)

+x(pr,x7, £(x7)) + ()]
where EY stands for the expectation w.r.t. the probability
space (2, F, (Fr)o<t<T,PY).
» Problem Find a v € U,q such that J(u(-)) = infycr,, J(v(+)).

» Objective: establish stochastic maximum principle and
verification theorem.



The novelties in our work

> partial observation structure

» use Girsanov's transformation and the dimensional extension
(Tang (1998)).

> the variational equations and adjoint processes we obtain is a
new type of mean-field FBSDEs.

> joint distribution dependence of state and control

> use the L-derivative w.r.t. probability measure, especially the
partial L-derivatives. (Lions 2013, Cardaliaguet 2013, Carmona
and Delarue 2018)

> in order to obtain the related variational inequality and
establish the maximum principle under the reference probability
space, we need high order estimates of variation equations.

» how to obtain the verification theorem
» due to the partial observation structure, / and x depend on p.
» due to the existence of the joint distribution, introduce a new
convexity assumption of the Hamiltonian function.



Jointly L-differentiable

Definition(see: Lions 2013, Cardaliaguet 2013, Carmona and
Delarue 2018)

» (2, F,P) be a probability space which is rich enough in the
sense that for every ;1 € P>(RP), there is a random variable
X € L2(Q;RP) with law pu (i.e. Px = u),

Consider a function f : R? x P>(RP) > (x, ) — f(x,p) € R.

» We call f is jointly L-differentiable at (x, u) if there exists
X € L2(Q;RP) with Px = p such that the lifting
f:RI x [2(Q;RP) 5 (x,X) — f(x,Px) € R is jointly Fréchet
differentiable at (x, X) and we denote [DF](x, X) as the
Fréchet derivative of f. Thanks to self-duality of L? spaces,
[DF](x, X) can be viewed as an element Df(x, X) of
R9 x L2(Q;RP) in the sense that

[DF](x, X)(Y) = E[Df(x,X)-Y] forall Y €RIxL>(Q;RP).



Jointly L-differentiable

Definition

» Then we can introduce the partial derivatives in x and p of f,
respectively as RY x Po(RP) > (x, u) = Oxf(x, 1) € RY and
R9 x Po(RP) > (x, 1) = Ouf(x, p)(-) € L2(RP, u; RP).

» The partial Fréchet derivative of f in the direction X is given
by RY x L2(Q; RP) 3 (x, X) — Dxf(x,X) = d,f(x,Px)(X) €
L2(; RP).

Thus the random variable D?(X,X) can be represented as

DF(x, X) = (9xF(x, Px)(X), Duf (x, Px)(X)).

We call the functions 0xf(-,Px)(-) and 0,.f(-,Px)(:) which is
defined on R9 x RP and valued, respectively, on R9 RP, the
partial L-derivatives of f at (x,Px).



Assumptions

We denote 7 as a generic element of P>(R” x R’ x R™*™ x R x R¥), let

1 € Po(R") , p2 € pz(Rl), M3 € Pz(Rlxm), Ha € Pz(RIXd), us € PQ(Rk) be
the marginal distribution of 7, and & € P»(R" x R¥) be the joint distribution of
1 and ps.

Throughout the paper, we give the following standing assumptions

(H1):

» f.0,5,h,g,® are differentiable,  and h are uniformly bounded.

> O (f,0,0,P,h,g), Oyg, 0.8, O:g and O,(f, 0,5, g, h) uniformly bounded.

| 2
fR” |8H1¢(X7 Nl)(xl)|2dul(xl)7 fRN+k |8 i(fv 0,0, h)(t,X, v, f)(X/, V/)|2d£(xl7 V/)v
and
fRnx/x(lxm)x(lxd)xk |6Mjg(t7 X,Y,2,2Z,V, W)(X/7Y'7 2,72/7 v’)|2d'r](x/,y/,z/72/, V/)
are uniformly bounded.

» (f,0,5)(t,0,0,00) and g(t,0,0,0,0,d0) are uniformly bounded.



Assumptions

(H2): for coefficients of cost.

> v=p,x,y,2,Z,v, (p,X,¥,2,Z,v,n) — Ipl(p,x,y,2,Z,v,n) continuous.

> [ is L-differentiable w.r.t. 7.

. (p7X7y7Z727V’(X7Y7Z7Z7B)))__> -
Ot p,x,y,2,2,v, L(X, Y, Z,Z,8)(X,Y,Z,Z,[) continuous.

> (p,x, 1) — Oxx(p, x, p1) and y — 9,v(y) continuous.

> v is L-differentiable w.r.t. ps.

> R X (@R 3 (%, X) — By X5 L(X))(X) € L(QRY)
continuous.

> Oyl, Ocx, Oy linear growth.

> L*(R",4;R") norm of
(0s%,y,2,2,v,m) = Ol (t, pyx, v, 2,2, v,m) (X', y', 2/, 2, V') linear
growth.

> L7(R®, pu; R®) norm of (x, p, p1) + Oy x(x, p, p1)(x") linear growth.
> /(t,0,0,0,0,0,0,d0) uniformly bounded.



Problem Formulation

According to Bayes' formula, the cost functional defined as in (5)
can be rewritten as (noticing that v()p) is deterministic)

T
J(V()) = ]E|:/c; ptl(t7 phxtayhzhzta Vt, ‘C(thtaztvzta Vt))dt

+prx(pT, x7, L(xT)) +7(¥0) |-

(6)
We mention that, under assumptions (H.1)-(H.2), we have
[J(v(-))] < 400, i.e. the above cost functional is well defined.



Problem Formulation

Some Notations (Tang, SIAM J. Control Optim., 1998)

We introduce the following notations for dimensional extension

() = (2). 0 (0)

T X 00 = (e ag) Xm0 = (FEE0E).

F(t, X, v,§) = (f(t,x7 v,§) — ('f(t,ox, v, &)h(t, x, v, £)> ’
G(t,X,y,z,z,v,n) = g(t,x,y,z,Z,v,n),
L(t,X,y,z,z,v,n) = pl(t,p,x,y,2,Z,v,n),

M(X, p1) = px(p, x; pa)-



Problem Formulation

Then equations (3) can be compressed into the following form

dXe =F(t, Xe, ve, L(xe, ve))dt + X(t, Xe, ve, L(Xe, vt ))dWe
+ Z(t, Xe, ve, L(xe, v1))d Yz )
—dy: =G(t, Xe, Y, 2¢, Zey Ve, L(Xe, Ve, 2¢, Zt, vi))dt — zzd W, — Z:d Vs,
X(0) =Xo, y(T) = ®(x7, L(x7)),

and the cost functional (6) can be represented as
T
J(V()) :E[/ L(t7 Xt,ytazhzh Vt, E(Xtayhzt: 2t7 Vt))dt
0

(8)
+ M(Xr, £(xr)) +7(0)]

» minimize J(v(-)) over v(:) € U,q subject to (7) and (8).



Stochastic Maximum Principle

Convex perturbation
For simplicity, weset n=/=k=m=d =1.
Let u(-) be an optimal control.

» Let v(-) be such that u(-) + v(-) € Uag.
» Since U,y is convex, uf(-) = u(-) +ev(:) is also in Usy.

To simplify symbols, we set

&= ﬁ(Xta Ut), e - = [,(Xt,yt,zt,?t, “t)7
01.‘ = (Xt7 uta&t)? 9; = (Xt7 Ut;gt)a
e = (Xe, Ye, 2, Ze, Ut), O 1= (Xe, Vi, 21, Zt, Uty Me),

@lt = (X, e, Zt, Z¢, Up, M) = (Qr, e).



Variational Equations

axt :(ax F(t,00)XE + 8, F(t, 0c)ve + [0, F(t, 00) (%, 0e)5L]

+ B[O, F(t, 00) (%, Et)\"/t])dt
+ (0x(t, 00X + BT (£, 00)ve+EID, T(1,00) (e, ) ]
+ B[O, (¢, 00) (%, at)vt])th
+ (axi(t, 00)XE + 8,5 (t, 0c)ve + E[0,, £(t, 00) (R, i) %]
+ B[O, 5(t, 00) (%, at)vt])dvt,

—dy} :<8XG(t, O1)xi + 9y G(t,01)yi +9,G(t,01)z} + 0:G(t,0)z} + 9y G(t, Or)ve
+E[0,; G(t, ©¢)(@e)%; ] + B0, G(t, ©¢)(6¢)77] + E[0,5 G(t, ©¢)(@1)2]]
+E[0,, G(t, ©)(6¢)3Y] + B0, G(t, et)(af)r/t])dr — AW, — Y.,

Xg =0, yh = 0y, Lxr))xk+E[0,, ®(xr, L(x)) (%7)5H], o

t
independent copy of a := (x¢, yt, Zt, Zt, Ut).

1
where we used the notation X} := ( iﬁ ) , and & := (X, V¢, 2t, 2, Ut) is an



Variational Equations

Theorem

Let assumptions (H.1)-(H.2) hold, then mean-field FBSDE (9)
admits a unique solution

(XE(C)yh (), 2H0) 2H0) € SR x s HE M x R
satisfying that for any 2 < p < 4 and 0 < g9 < p,

E| sup [P+ sup [phPP™ + sup |y}
te[0,T] te[0,T] tel0,T]
. . (10)
+(/ z}y2dt)f’/2+(/ yz}y2dt)P/2] < o0.
0 0

» R. Buckdahn, B. Djehiche, J. Li, S. Peng (2009), R.
Buckdahn, J. Li, S. Peng (2009), R. Carmona, F. Delarue
(2018).



Variational Equations

Now let us denote (X°(-),y%(+), z°(+),z(+)) as the trajectory
corresponding to u®(-). We set

£ ()
1 Xy — Xt 1 g,1 Pt — Pt 1
Xt = - X Pe = - P
t - to t - to
€ e,1
X571 Xt‘ Xt Xl Pt
t = t — €, )
€ X;
€ SE S
el Ye = Wt 1 el Zf — 4 1 =51 % —Zt 1
= — z;,T = —z = 4
t - to t - to t to



Variational Inequality

Lemma

The functional u(-) — J(u(-)) is Gateaux differentiable in the direction v(-),
and its derivative is given by

d
W)+ =v())

e=0
:
:]E/ [0xL(2, ©)X! + By L(£, 0y + 0:L(, 02! + :L(t, 02! + D,L(t, 0!
0
+ B[0, L(t, ©:)(6)52] + E[0, L(t, ©0)(@)72] + B[, (¢, ©0)() 2]
+ B[0, L (8, 0)(G0) ] + Bl L(t, 0)(Ge)]] dt

+E [0xM(Xr, L(er)) X} + B[0,0 M(Xr, LOr))(&r)ZH] + 0,7(0)36-
(12)



Proof of Variational Inequality
For ) = p,x,y,2,2, ¢ = x,y,z,Z,as € — 0,

3
T 1 T 3\2
1 1 ,1,2 1 ,1,3 ,1,.2 2
IE/ (ot + 1o - gt Pde < (B sup_ (1ol + o5 \))3(15(/ g |dt) )3 =0,
0 tef0,T] 0

T T
1 1 12 1 1 1.2
E [ (ot + 1o M) - EI6T Pae < B sun (10} +105M) - [ El0f ! Pae > 0,
0 tefo,T] 0

T 2 T 3
1 1142 1 1 11,3 1,2
IE/ (pel + lotl + o5 D2 lwg Hde < (B sup_(Ipel + lopl + 151]) )3(E(/ it Pae) 2
0 tel0,T] 0

E T 1 e,1 12 E 5,1d <E 1 e,1 12 T]E s,ld 0
A (Iptl + 1pel + 1o )7 - Bl 7 |dt < tes[l[l)pﬂ(\pz\ﬂﬂtlﬂﬂf N - A [¢; " |dt — 0,

T 1 T 3.2
B[ oE M @ e+ 1wf e < (5 sup 108 1) F (B( [T @ w4 105 Par) 2) 3 oo,
0 te[0,T] 0

T 2 T 3.1
B [0 ol +lwftae < (B sup 1081 F) 3 (B( [+ T+ 1uEtar) 2) 3 o,
o tel0,T] 0

Remark

Due to the application of Girsanovs transformation, the coefficients | and x in cost functional will be multiplied by
p, so we need high order estimates and high order convergence results of variational equations when we derive the
variational inequality.



Some Lemmas

The follwing lemmas are about high order estimates and high order
convergence results of variational equations.

Lemma
Suppose assumptions (H.1) and (H.2) hold, then we have

limE sup |XE | =IlimE sup (\pf’1\2+\xf’1]2> =0.
e=0  0<i<T e=0  o<i<T

Moreover, for any 2 < p < 4 and 0 < g < p, it follows that

lim E sup (\Xt P+ |p5tP=50) = 0.
e—0 0<t<



Some Lemmas
Lemma

Suppose assumptions (H.1) and (H.2) hold, then we have

IimIE
e~ 0<t<T

.
sup |yt )2+ /O (lzf’1\2+\2?1\2)dt] —0. (13)

Lemma
Suppose assumptions (H.1) and (H.2) hold, then for any
2<p<4,

T p/2
/imIE[ sup |yot|P + (/ (]zf’1|2+|2t5’1|2)dt> ] =0. (14)
e=0  lo<i<T 0

» see Theorem 4.4.4 of Zhang(2017) for the case without
mean-field term.



Proof of Lemma

We need first establish the L2 estimates of the variational
equations and then use it to obtain the desired LP estimates.

Due to the existence of mean-field term, it requires some skills,
especially for the higher order estimates of the mean-filed
backward equation. We mention that since g depends on the law
of z(+),z(), it will be a little complicated to obtain the related LP
estimate.



Proof of Lemma

applying Ité’s formula to |yf’1|", where 2 < p < 4, we have forany 0 < r < T,
-1 T B B
R e R o
r

T T
e p [ e p [P AW + 2 ),
(15)

where

6 G(t,(9)%) — G(t,©¢)
Vt _——
€

— 0xG(t, ©1)x; — 8, G(t, Or)y; — 8;G(t,Or)zr — 95G(t, Or)Z
— 8yG(t, Or)ve — E[0), G(t, ©¢)(Ge)%] — ElD, G(t, ©)(&4)7,]
— B85 6(t, ©0)(6)%] — Bl G(t, ©0)(&)E] — BlOyus G(t, ©1)(ée) 7]

and

P(x5, L(xF)) — @ L -
o = O SN =T EOT) g o, s — oy 007, £ )G

Then we have

1 p(p—1) T elp—2 12, se.1p2 ® T elp—2e16G
Ely; P + — E lye 1P~z 717 + 2007 17)de = E[vy|” + pE lye 1Py vy de. (16)
- -

r



Proof of Lemma

From (15), and with the help of BDG inequality, we have

-
1 @ 1p—1, G
E lye \"SIE\VT\”JrC]E/ lye " 1P v 1de
r

sup
r<t<T
T 1/2 T 1/2
+CE (/ |yf’1|2p_2\zf’1|2dt) +CE (/ \yf’1\2p_2|2f’1\2dt>
: ]

Then the term EfOT |yt\p_1(E|zt|2)%dt and EfOT |yt|"_1(E\zt|2)%dt will appear.

an



Hamiltonian Function

H: [0, T] x R x R x RX™M x RI*9 x RK x Pp(R" x R! x
R/xXm o RIxd « Rk) « R « R/ x R(m+1)xm o R(n+1)xd | R,

H(t7X7y7Z?27 V,'f],p, q7 k’ l_<)
= <F(t7X7 V’ 6)7 p> - <G(t7X7y’ Z? 27 V’ ”7)’ q>
+ k(e X, v, O+ [k TE(E X, v, O]+ Lt Xy, 2,2, v,m).
(18)
where ¢ € Po(R" x R¥) is the joint margin distribution of
n € Pa(R" x R x R™*M x RI*d » RK) on the first and the fifth
components.



Adjoint Equation
Using the definition of Hamiltonian function H, we can give the adjoint
equation as

z 0
—dp: = |OxH(t,O:; p,q, k, k) + | ~ O dt
Pt xH(t,©¢; p, q, k, k) <E[8M1H(t,@t;p, q,k,k)(at)]ﬂ

— ked W, — ked Y
dqf = - |:8YH(t> ef; P;q, k7 l_() +E[6H2H(t7 éf; ﬁv (~7> 127

X

)] dt
- [azH(t,et;p, q, k, k) + E[0,, H(t, &:: B, 3, k, i)(at)]] aw,

[a H(t, O p, q, k, k) + E[0,, H(t, Bc; b, §, K, i)(at)]] av.,
pr =08 MO 267+ (515, e o))

- (8x¢(xr(,)£(xr))) m (E[amq’(xr, L(x7))(xT) - 57T]) 7
go = — 9y¥(y0)-

(19)

> E. Pardoux, A. Rascanu (2014), R. Carmona, F. Delarue (2018).



Stochastic Maximum Principle

Theorem

Let (H1) and (H2) hold, if u(-) is an optimal control and
(X(),y(+),z(+),z(+)) is the corresponding trajectory, and

(p(+), q(-), k(-), k(*)) is corresponding adjoint process satisfying
(19), we have

E [(avH(t, eh Pt, qt, kt7 l_(t) + IhE[OHS H(t7 C:)f7 bﬁ th, l}h ;t)(af)]) (V - ut)

F=o,

Vv e U, as. ae
(20)
where we recall

Ot = (Xtayt)ztvztv uf) M -= 'C(at)7

g (21)
@t = (Xt7_ytazt7zt) Ut777t) = (pt7at77]t)'



Verification Theorem

Convexity Assumptions
(H3) v is convex and M is convex in the sense that

M()v(vﬁl) - M(X’/LI) > <8xM(X,,u1),)V< _X> +E[<8H1M(va‘l)(;<)’;(_)?>]

(H4) Hamiltonian H satisfies the following convexity condition:

H(t,N,n',1) = H(t, A, n, )
>(OxH(t, A0, M), X = X) + (@, H(t,A,n, 1), ¥ — y)
+ (O H(t,A,n, ), 2 — z) + (O:H(t, A, n, ),z — 2)
+ (O H(t, A, ), v — v) + E[(9, H(t, A, TT)(&
+ B0, H(t, A n, N)(@), 5 — 7)) + E[(Dus H(E, A, )
+ B[(8,, H(t, A, M)(&), 2 — 2)] + E[(8, H(t, A,n, 1)

where 1 := (pa q, ka /_()v A= (X7y72727 V)-

- %]
(@),2 - 2)]
@),V - 7)),



Verification Theorem

Remark

In this formulation, the cost functional (6) contains p. If the
coefficients | and x in the cost functional (6) do not depend on p,
then one can check that the mappings

(P, x,y,2,2,v,m) = pl(t,x,y,2,2,v,n) and (p,x) = px(x, j11)
are usually not convex. Fortunately, if we allow | and x depend on
p, then it is possible to make sense that the convexity assumptions
(H.3)-(H.4) hold (one simple example is that

(p.x. y.2.2,m) = L(|x2 + [y2 + |22 + |212 + |vI? + [n[?) and
x(p, x, 1) = %(|x\2 + |u|?)), then we can get the verification
theorem.



Verification Theorem

Theorem

Suppose (H1)-(H4) are satisfied. Let u(-) € U,q be an admissible
control, (X(-),y(*),z(-),z(+)) be the corresponding trajectory, and
N(-) == (p(-), q(-), k(-), k(-)) be the corresponding adjoint process
satisfying (19). If (20) holds, then u(-) is an optimal control, i.e.
J(u()) = inf ety J().

Examples

» Scalar interactions

» Linear quadratic case
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Thank you for your attention!
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